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1. INTRODUCTION

The concept of the Ricci soliton is introduced by Hamilton in [9], which is a natural generalization of Einstein metrics. Study of Ricci
soliton over different geometric spaces is one of interesting topics in geometry and mathematical physics. In particular, it has become more
important after G. Perelman applied Ricci solitons to solve the long standing Poincare conjecture. In [10,13,15-18], Einstein manifolds
associated to affine connections (especially semi-symmetric metric connections and semi-symmetric non-metric connections) were studied
(see the definition 3.2 in [18] and the definition 3.1 in [10]). It is natural to study Ricci solitons associated to affine connections. Affine Ricci
solitons had been introduced and studied, for example, see [6,8,11,12,14].

Our motivation is to find more examples of affine Ricci solitons. A three-dimensional Lie group G;(i = 1,---,7) is a sub-Riemannian
manifold. In [1], Balogh, Tyson and Vecchi applied a Riemannian approximation scheme to get a Gauss-Bonnet theorem in the Heisenberg
group H3. Let TH® = span{ej, ey, e3}, then they took the distribution H = spanfej,e;} and H- = span{es} (for details, see [1]).
Similarly in [20], for the affine group and the group of rigid motions of the Minkowski plane, we took the similar distributions. In [21],
for the Lorentzian Heisenberg group, we also took the similar construction. Motivated by [1,20,21], we consider the similar distribution
H = span{ej, e;} and H L= span{es} for the three dimensional Lorentzian Lie group G;(i = 1,---,7). Then for the above distribution,
we have a natural product structure J: Je; = e, Je; = ez, Jes = —es. In [7], Etayo and Santamaria studied some affine connections
on manifolds with the product structure or the complex structure. In particular, the canonical connection and the Kobayashi-Nomizu
connection for a product structure were studied. So we consider the canonical connection and the Kobayashi-Nomizu connection associated
to the above distribution on the G; and get affine Ricci solitons associated to the canonical connection and the Kobayashi-Nomizu connection.
In particular, from our results, we can get affine Einstein manifolds associated to the canonical connection and the Kobayashi-Nomizu
connection. It is interesting to consider relations between affine Ricci solitons associated to the canonical connection and the Kobayashi-
Nomizu connection and Ricci solitons associated to the Levi-Civita connection. It is also interesting to study affine Ricci solitons associated
to other affine connections, for example, Schouten-Van Kampen connections and Vranceanu connections associated to the above product
structure and semi-symmetric connections.
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By the canonical connection and the Kobayashi-Nomizu connection on three-dimensional Lorentzian Lie groups, we obtain some examples
of affine Ricci solitons. But we find that the coefficient A of the metric tensor g in the Ricci soliton equation (see (3.13) and (3.14)) is always zero
for these obtained examples. In order to obtain more interesting examples with the non zero coefficient A, we introduce perturbed canonical
connections and perturbed Kobayashi-Nomizu connections in Section 4. Using these perturbed connections, we get some examples of affine
Ricci solitons with the non zero coefficient A.

In [3], Calvaruso studied three-dimensional generalized Ricci solitons, both in Riemannian and Lorentzian settings. He determined their
homogeneous models, classifying left-invariant generalized Ricci solitons on three-dimensional Lie groups. Then it is natural to classify affine
Ricci solitons on three-dimensional Lie groups. In [19], we introduced a particular product structure on three-dimensional Lorentzian Lie
groups and we computed canonical connections and Kobayashi-Nomizu connections and their curvature on three-dimensional Lorentzian
Lie groups with this product structure. We defined algebraic Ricci solitons associated to canonical connections and Kobayashi-Nomizu
connections. We classified algebraic Ricci solitons associated to canonical connections and Kobayashi-Nomizu connections on three-
dimensional Lorentzian Lie groups with this product structure. In this paper, we classify affine Ricci solitons associated to canonical
connections and Kobayashi-Nomizu connections and perturbed canonical connections and perturbed Kobayashi-Nomizu connections on
three-dimensional Lorentzian Lie groups with this product structure.

In Section 2, we recall the classification of three-dimensional Lorentzian Lie groups. In Section 3, we classify affine Ricci solitons associated
to canonical connections and Kobayashi-Nomizu connections on three-dimensional Lorentzian Lie groups with this product structure. In
Section 4, we classify affine Ricci solitons associated to perturbed canonical connections and perturbed Kobayashi-Nomizu connections on
three-dimensional Lorentzian Lie groups with this product structure.

2. THREE-DIMENSIONAL LORENTZIAN LIE GROUPS

In this section, we recall the classification of three-dimensional Lorentzian Lie groups in [4,5](also see Theorems 2.1 and 2.2 in [2]).

Theorem 2.1. Let (G, g) be a three-dimensional connected unimodular Lie group, equipped with a left-invariant Lorentzian metric. Then there
exists a pseudo-orthonormal basis {e1, ez, e3} with e3 timelike such that the Lie algebra of G is one of the following:

(g1):

le1,e2] = aer — Bes, e, e3] = —aer — Bez, ez, e3] = Ber +aes +aes,  a #0. (2.1)

(92):
le1,e2]l = yes — Bes,  ler,es] = —Bes —yes, ez, es] =aer, y #0. (2.2)

(93):
le,e2] = —yes,  lei,esl = —Bez, ez, e3] = aer. (2.3)

(g4):
le,e2]l = —e2+ (2n — Ples, n=1lor—1, e, e3s]=—Per+es, [ere3] =aer. (2.4)

Theorem 2.2. Let (G, g) be a three-dimensional connected non-unimodular Lie group, equipped with a left-invariant Lorentzian metric. Then
there exists a pseudo-orthonormal basis {e1, e3, e3} with e3 timelike such that the Lie algebra of G is one of the following:

(g5):
[e1,e2] =0, [er,es] =ae; + Bez, [ex,e3] = yer +8es, oa+8#0, ay+BS=0. (2.5)

(g6):
[e1,e2] = wer + Bes,  [er,es] = yer+de3, [er,e3] =0, a+6#0, ay—pB5=0. (2.6)

(97):
ler,e2] = —aer — Bes — Bes,  [er,es] = aer + Bea + Bes,  [ex,e3] =yer +8ex +8es, a+8#0, ay=0. (2.7)

3. AFFINE RICCI SOLITONS ASSOCIATED TO CANONICAL CONNECTIONS
AND KOBAYASHI-NOMIZU CONNECTIONS ON THREE-DIMENSIONAL
LORENTZIAN LIE GROUPS

Throughout this paper, we shall by {G;}i=1, 7, denote the connected, simply connected three-dimensional Lie group equipped with a
left-invariant Lorentzian metric g and having Lie algebra {g};—;, ;. Let V be the Levi-Civita connection of G; and R its curvature tensor,
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taken with the convention

R(X,Y)Z = VxVyZ — VyVxZ — Vix yZ. (3.1)

The Ricci tensor of (G, g) is defined by
pX,Y) = —g(R(X,e1)Y,e1) — gR(X, e2)Y, e2) + g(R(X, €3)Y, €3), (32)
where {e}, 3, e3} is a pseudo-orthonormal basis, with ez timelike. We define a product structure J on G; by
Jer = e1, Jeo = e, Jes = —e3, (3.3)

then J2 = id and g(Jej, Jej) = g(ej, ej). By [7], we define the canonical connection and the Kobayashi-Nomizu connection as follows:

1
VXY = VxY = —(VxDJY, (34)
1
VY = VxY = S [(Vy)JX = (Vy])X]. (35)
We define
ROX,Y)Z = VRVyZ — VyV3Z — VX v Z, (3.6)
R'(X,Y)Z = VyVyZ — VyViZ — V] 2. (3.7)
The Ricci tensors of (G;, g) associated to the canonical connection and the Kobayashi-Nomizu connection are defined by
P'LY) = —gR X e)Y,e) — gR' (X, )Y, e2) + (R (X, €3)Y, 3), (3.8)
P (X Y) = —gR'(X,e1)Y,e1) — g(R'(X,e2)Y, &) + g(R' (X, e3)Y, €3). (3.9)
Let
%X, Y) + (Y, X
P = 2 );Lp( ), (3.10)
and
Xy Ly, X
A y) = 2L )42”’( ) (3.11)
Since (Lyg)(Y,Z) := g(VyV,Z) + g(Y,VzV), we let
(L, 9) (Y, 2) = g(V,V, Z) + g(Y, V, V), (3.12)
for j = 0,1 and vector fields V, Y, Z.
Definition 3.1. (G, g,]) is called the affine Ricci soliton associated to the connection V° if it satisfies
LYY, 2) +25°(Y,Z) + 20g(Y, Z) = 0 (3.13)

where A is a real number and V = Xie; + Aaez + Azes and Ay, Lo, A3 are real numbers. (G, g, ]) is called the affine Ricci soliton associated to
the connection V' if it satisfies

Ly (Y, 2) + 251 (Y, 2) +20g(Y, 2) = 0 (3.14)
By (2.25) in [19], we have for (Gy,g,], V?)
~0 — 2 /32 ~0 _
Plleve) =—(a’+ =), plene) =0, (3.15)
o 2
Pleres) = j’ ez e2) = — (az + /i>,
4 2
~0 o’ ~0
14 (62> 33) = 7) P (63,63) =0.

By Lemma 2.4 in [19] and (3.12), we have for (Gy,g,], V°, V)

Ly9) (e e1) = 2ha,  (LYg)(e1,e2) = M (3.16)
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(LYg)(e1,e3) = —gxz, (LY9)(e2,e2) = 0,

(LY9)(e2, €3) = gm, (LYg)(e3,€3) = 0.

If (Gy,g,J, V) is an affine Ricci soliton associated to the connection VY, then by (3.13), we have

200 — 202 — B2 +21 =0,
)\.l(x =0,

—Brx+af =0,

—20% — B2 +21 =0,
Bri+a? =0,

r=0.

Solve (3.17), we have

Theorem 3.2. (Gi,g,], V) is not an affine Ricci soliton associated to the connection VO,

By (2.33) in [19], we have for (G1,¢,/, v

plleer) = — (& +B%), B'(erer) = ap,

- Y -
Bl e1,e3) = —7’3, P (e2,e2) = — (o + B2),
2
~1 o ~1
o (ez,e3) = ER o (e3,e3) =0.
By Lemma 2.8 in [19] and (3.12), we have for (Gy,g,/, V!, V)
(Lyg)(er, e1) = 2ha, (Lyg) (e, e2) = —Ma,
(Lyg) (e e3) = Aot — BAa, (Lyg)(e2, €2) =0,

(Lyg)(ez €3) = Br1 —ahy — ks,  (Lyg)(es, e3) = 0.
If (G1,g, 7, V) is an affine Ricci soliton associated to the connection V!, then by (3.14), we have

ra—a?—B24+1=0,
Mo+ 20 =0,

Mo —Bry —af =0,

—a? — B4+ 1 =0,
ﬂkl—akz—ak3+a2=0,
A=0.

Solve (3.20), we have

Theorem 3.3. (Gy,g,/, V) is not an affine Ricci soliton associated to the connection v

By (2.44) in [19], we have for (G,,g,], V?)

af
oer,e1) = — ()/2 + —) , e e2) =0,

2
ap
?(er,e3) = 0, (e, e2) = — (VZ + 7) ,
B o
2%ez, e3) = £y _ l, 2%(es, e3) = 0.
2 4
By Lemma 2.14 in [19] and (3.12), we have for (G2,¢,], Vo v)
(LYg)(e1,e1) =0, (LYg)(e1,€2) = Aoy

o
(LY g) (e, e3) = —5 (LY9) (e, €2) = —2y A1,

o
(LYg)(e2, e3) = ZH (LYg)(e3,e3) = 0.

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)



Y. Wang / Journal of Nonlinear Mathematical Physics 28(3) 277-291

If (Gz, g, 7, V) is an affine Ricci soliton associated to the connection VO, then by (3.13), we have

~(r+%2)+r=0,
Ay =0,
()[)\,2=0,

Solve (3.23), we have

Theorem 3.4. (Gy,g,J, V) is not an affine Ricci soliton associated to the connection V°.

By (2.54) in [19], we have for (G2,¢,], v

plee)=—(B*+v?), B'ler,e) =0,

Pl (e1,e3) =0, ples, e2) = — (y2 +ap),
~ ay ~
Pl (exe3) = -5 P (e3,e3) = 0.

By Lemma 2.18 in [19] and (3.12), we have for (G2,¢,/, v V)

(L,9)(er,e1) =0, (Lyg)(e1,e2) = Aoy,
(Lyg)(e,e3) = —arr + A3, (Lyg)(ea, e2) = —2y A1,
(Lyg)(ex,e3) = 1P, (Ly9)(es, e3) = 0.

If (Ga,g,J, V) is an affine Ricci soliton associated to the connection V', then by (3.14), we have
-2 —yr+r=0,
Ay =0,
—aly +yr3 =0,
—ym— (Y2 +aB)+1=0,
MB—ay =0,
A =0.
Solve (3.26), we have

Theorem 3.5. (Ga,g,], V) is not an affine Ricci soliton associated to the connection V.

By (2.64) in [19], we have for (G3,¢,], V9

e, e1) = —yas, p'(er,e2) =0,
7%(e1,e3) =0, 2%(e2,e2) = —yas,
150(62’ 63) = 0! 130(63)63) = 0)

where a3 = %(a + B — y). By Lemma 2.24 in [19] and (3.12), we have for (G3, g, ], Vo, V)

(LY9)(er,e1) =0, LY 9)(e1,e2) = 0,
LY9)(er,e3) = —azra,  (LYg)(e2,e2) =0,
(LYg)(ez, €3) = ashy, (LYg)(e3,e3) = 0.

If (Gs,g,J, V) is an affine Ricci soliton associated to the connection VY, then by (3.13), we have

yaz =0,
Azaz =0,
Araz =0,
A =0.

Solve (3.29), we have

281

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)
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Theorem 3.6. (Gs,g,J, V) is an affine Ricci soliton associated to the connection V° if and only if

i r=0a+pB—y =0,
@) A=0a+B—y #0,y =% =1, =0.

By (2.69) in [19], we have for (G3,g,], vh

pler,er) = y(ar —az), P (er,e2) =0, (3.30)
Pl (e1,e3) =0, Pl (e2,€2) = —y(ar + a3),
' (e2,e3) =0, ' (e3,3) =0,

wherea; = 2(a — B —y), a2 = 3(¢ — B+ ). By Lemma 2.27 in [19] and (3.12), we have for (G3,g,], V1, V)

(Lyg)(er,e1) =0, (Lyg)(e1,e2) =0, (3.31)
(Ly®)(eres) = —(a2 +az)ha,  (Lyg)(ez,e2) =0,
(Ly®)(eres) = ri(az —an),  (Lyg)(es,e3) =0.

If (G3, 4,7, V) is an affine Ricci soliton associated to the connection V!, then by (3.14), we have

y(a —a3) + 1 =0,
(ar +az)r, =0,

—y(ay+az) + A =0, (3.32)
A(az —ap) =0,
A =0.

Solve (3.32), we have

Theorem 3.7. (Gs,g,J, V) is an affine Ricci soliton associated to the connection V1 if and only if the following statements hold true

i A=0,y A0, a=8=0,
(i) » =0,y =0,k = 0, A = 0.

By (2.81) in [19], we have for (G4, g, ], v9)

Plleren) = 2n—Pbs — 1, pller,e) =0, (333)
p°(e1,e3) =0, P(e2,e2) = 20 — B)bs — 1,
PO (e, e3) = b 2_ ﬂ, 7°(e3,e3) =0,
where bz = % + 1. By Lemma 2.32 in [19] and (3.12), we have for (G4, g, ], Vo, V)
(LYg)(er,er) =0, (LYg)(er,e2) = —a, (3.34)

(LYg)(er,e3) = —bsky,  (LYg)(e2,€2) = 2A1,
(LYg)(e2,e3) = bshy,  (Lyg)(es, e3) = 0.
If (G4, g,J, V) is an affine Ricci soliton associated to the connection VO, then by (3.13), we have

@2n—pB)bs—1+r1=0,

A =0,

M+ Q2n—B)bs—14+A=0, (3.35)
Mbs+bs—B=0,

A=0.

Solve (3.35), we have

Theorem 3.8. (Gy,g,/, V) is an affine Ricci soliton associated to the connection VO ifandonly if A=A =X =0, =0,8=1.

By (2.89) in [19], we have for (G4, g, ], v

Pler,er) = —[1L+ (B—2n)(bs — b)),  P'(e1,e2) =0, (3.36)
P (e1,e3) =0, pl(ez,e2) = —[1+ (B —21)(by + b3)],

~ by — by — o

ples, e3) = atb—bi=f Pl (es,e3) =0,

2
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where by = § + 71— B,by = 5 — 1. By Lemma 2.36 in [19] and (3.12), we have for (G4, g, ], vLv)

(Lyg)(e1,e1) =0, (Lyg)(e1,e2) = —Aa, (3.37)
(Lyg)(er,e3) = —(ba +b3)ha — A3, (Lyg)(ex, e2) = 221,
(Ly9) (e, e3) = A1(bs — by), (L) (e3, e3) = 0.

If (G4, g,J, V) is an affine Ricci soliton associated to the connection V!, then by (3.14), we have

—[1+ (B —2m(bs —b))]+21=0,

A2 =0,

—(by +b3)hy — A3 =0,

A —=[14+ B =2n)(by+b3)] +1 =0,
Mz —b)+(@+b3s—b1—B)=0,
A=0.

(3.38)

Solve (3.38), we have

Theorem 3.9. (Gy,g,J, V) is not an affine Ricci soliton associated to the connection vl

By (3.5) in [19], we have for (Gs, g, ], V°), 5°(e;, ej) = 0,for 1 <i,j <3.ByLemma 3.3 in [19] and (3.12), we have for (Gs, g, ], vo V)

(LY9)(er,e1) =0, (LYg)(e1,e2) = 0, (3.39)
(g (enen) = £ . Yo (W9 (ener) =0,
(L9 (e2,e3) = _A- VM, (LY)g9)(e3, e3) = 0.

2
If (Gs, g, J, V) is an affine Ricci soliton associated to the connection VY, then by (3.13), we have

A=0,
(B—=y)r2 =0, (3.40)
B—y)A1 =0,

Solve (3.40), we have

Theorem 3.10. (Gs,g,], V) is an affine Ricci soliton associated to the connection V° if and only if one of the following cases occurs

i) »=B=y=0a+35#0.

G A=0,8#yY, A=A =0,0+8§ #0,ay +B5=0.

By Lemma 3.7 in [19], we have for (Gs,g,], V'), p" (e, ) =0, for 1 <i,j < 3. By Lemma 3.6 in [19] and (3.12), we have for (Gs,g,/, V', V)
(Lyg)(et,e1) =0, (Lyg)(e1,e2) =0, (3.41)
(Lyg)(er,e3) = —ah1 —yAy,  (Lyg)(ez €2) =0,
(Lyg)(e2,e3) = —Pr1 —8ha,  (Ly,9)(es e3) = 0.

If (Gs, g, ], V) is an affine Ricci soliton associated to the connection V1, then by (3.14), we have

A=0,
il +yr =0, (3.42)
BA1+ 81y = 0.

Solve (3.42), we have
Theorem 3.11. (Gs,g,], V) is an affine Ricci soliton associated to the connection V! if and only if the following statements hold true
(i) A=A =2x=0,

(i) A=0,A #0, A =0,a=8=0,8 £ 0,
(i) A=0,A, =04 £0,8 =y =0, # 0.

By (3.18) in [19], we have for (Ge, g, /, V9

1
1 e1) = SBB=7) - o?, (e1,e2) =0, (3.43)
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1
?%(e1,e3) = 0, ez, e2) = SBB—7) - o?,

1 1
ez, e3) = Sl=vet S8 =yl (e e3) = 0.
By Lemma 3.11 in [19] and (3.12), we have for (Ge, g, ], V%, V)
LY (er,e1) =0, (LYg)(e1, e2) = aha, (3.44)
(Lg)(er,en) = L=

2
B—vy

A, (LYg)(er e2) = —2ah,

My (LYg)(es,e3) = 0.

(LYg)(ez, €3) =

If (Ge, g, J, V) is an affine Ricci soliton associated to the connection VO, then by (3.13), we have
BB—y) - +r=0,

()[)\.2 =0,
(y - ﬂ))"Z = 0:
4
—ani+ BB —y) —a? 42 =0, (3.45)
Bl —ya+3s8-y)=0,
A =0.
Solve (3.45), we have
Theorem 3.12. (Gg,g,], V) is an affine Ricci soliton associated to the connection V° if and only if
i) A=M=A=y=35=0,« #0,(){2:%,32,
(i) h=h=h=a=B=y=008#0,
(”l) }‘:)\2:0;)‘1 #0,@2/3:]/:0,8#0,
() A=x =01 #0,a=8=08#0,7 #0, 11 = =4,
W) A=a=B=y=0,A #0,8 #0.
By (3.23) in [19], we have for (Gg, g, ], vh
pller,e) = =@+ By),  pllee) =0, (3.46)
o (e1,e3) =0, 0 (e2,02) = —a?,
P (e, e3) = 0, o (es,e3) = 0.
By Lemma 3.15 in [19] and (3.12), we have for (G, g, J, vLv)
(Lyg)(er,e1) =0, (Lyg)(e1, e2) = Aoar, (3.47)
(Lyg) (e e3) = —8x3,  (Lyg)(ez e2) = —2ahy,
(Lyg)(ez,e3) = —yh1,  (Lyg)(es,e3) = 0.
If (Gg, g, ], V) is an affine Ricci soliton associated to the connection V!, then by (3.14), we have
—(@>+By) +1 =0,
)\.2“ = 0,
SAz =0,
—ar —a?2 4+ 1 =0, (3.48)
yA1r =0,
A =0.

Solve (3.48), we have
Theorem 3.13. (G, g, ], V) is an affine Ricci soliton associated to the connection V! if and only if the following statements hold true

(1) A_:Q{:ﬂ:}\,lz)\,?,:o,S#O,
@A) rAh=a=B=y=A3=0,8 #0,A1; #0.

By (3.34) in [19], we have for (G7,g,], VY

,50(61,81) = - (az + ﬂ%) > 150(61’62) = 0’ (349)
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1 Sy By
Pleres) = -3 <Va + 7) . Plee) =—(@ + -

1 By
%(e2 e3) = 3 (062 + 7) , 2%(es,e3) = 0.

By Lemma 3.20 in [19] and (3.12), we have for (G7,g,], Vo v)
(Lyg)(er e1) = —2ahs, (Lyg)(er, e2) = k1 — Bha,
Wy enes) = (B= D) Wygene) =260,
Wy ee) = (= pr,  Lyg(ene) =o0.

If (G7,g,], V) is an affine Ricci soliton associated to the connection VO, then by (3.13), we have

—aiy = (2 + ) +a=0,
arr — Bra =0,
(B-%)r—(ra+ %) =0,
B — (2 + )+ =0,

(5~ P+ B =0

Solve (3.51), we have

Theorem 3.14. (Gy,g,], V) is an affine Ricci soliton associated to the connection V° if and only if the following statements hold true

() r=a=B=y=0,8#0,
(i) h=a=B=0,y #£0,i =01 =—35,8 #0,
(i) \=a=y=A =24,=0,8#0.

By (3.42) in [19], we have for (G7,g,], vl

~1 ) ~1 _ 1 _
o (e1,e1) = —a”, o (e1,e2) = 2(ﬁ5 ap),
pler,e3) = Bla +9), 0l (e2,02) = —(a® + B + By),

~ 1 -
Pl ez, e3) = By +as+ 28%),  pl(es,e3) = 0.

By Lemma 3.24 in [19] and (3.12), we have for (G7, g, ], vLv)

(L},g) (e, e1) = —2ahs, (L},g) (e, e2) = ahy — B,
(Lyg)(e1,e3) = —ars — yAa — Bhs,  (LVg)(ea, e2) = 2BA1,
(Lyg)(er,e3) = —Ph1 —8ha — 823, (Lyg)(es,e3) = 0.

If (G7,g,], V) is an affine Ricci soliton associated to the connection V', then by (3.14), we have

—ot)»z—az—l—)L:O,

arl — Bry+ B —af =0,

—ai; — YAy — BrA3+2B(x+98) =0,
Bri— @+ B+ By) +1 =0,

—BA1 —8ry — A3 + By +ad + 282 =0,
A=0.

Solve (3.54), we have

Theorem 3.15. (Gy,g,], V) is an affine Ricci soliton associated to the connection V' if and only if

() »=a=B=y=0r+13—-28=0,8#£0,
(i) h=a=B=0,y #0,ky =013 =258 #0,

(i) A= =08 £0,f£0 0 =ty dy =81y = 2220 = BELT)

285

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)
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4. AFFINE RICCI SOLITONS ASSOCIATED TO PERTURBED CANONICAL CONNECTIONS
AND PERTURBED KOBAYASHI-NOMIZU CONNECTIONS ON THREE-DIMENSIONAL
LORENTZIAN LIE GROUPS

We note that in our classifications in Section 2 always A = 0. In order to get the affine Ricci soliton with non zero A, we introduce perturbed
canonical connections and perturbed Kobayashi-Nomizu connections in the following. Let e} be the dual base of e3. We define on Gj—1,...7

VY = VY + Aef (X)es(V)es, (4.1)
VY = ViY + Aef (X)es (V)es, (4.2)
where A is a non zero real number. Then
Vez3eg = \es, Veziej = Vgej; (4.3)
V33 ez = \es, V;ej = Veliej. (4.4)
where i or j does not equal 3. We let
(Lyg)(V.2) = g(Vy V. 2) + g(Y, V) V), 5)
for j = 2,3 and vector fields V, Y, Z. Then we have for Gi—.... 7
(Lyg)(es,e3) = —2hhs,  (Lg) (e e) = (LYg) (e ek, (4.6)
(Lyg)(es,e3) = —2hhs,  (Lyg) (e en) = (Lyg) (e en), (4.7)

where j or k does not equal 3.

Definition 4.1. (G;,g,]) is called the affine Ricci soliton associated to the connection V? if it satisfies

(L3)(Y,Z) +2p%(Y,Z) + 20g(Y, Z) = 0. (4.8)
(Gi,g,]) is called the affine Ricci soliton associated to the connection V? if it satisfies
L3y (Y,Z) +2p5° (Y, Z) + 20g(Y, Z) = 0. (4.9)
For (G, V?), similar to (3.15), we have
~ o>+
Pleve) =———, Plepe =" e (4.10)

for the pair (j, k) # (2,3).If (G1,g,J, V) is an affine Ricci soliton associated to the connection V2, then by (4.8), we have
200 — 202 — B2 4+21 =0,

}»105 = 0,
—Bry+af =0,
20> — B2 420 =0 (4.1
g)»l +al+ra=0,
A3+ A =0.
Solve (4.11), we have
Theorem 4.2. (Gi,g,], V) is an affine Ricci soliton associated to the connection V2 ifand only if .y = Xy = 0, A3 = — o= —A
B=01=1.
For (G, V?), similar to (3.18), we have
-
" o’ + A - ~
Pleve)=——— P =7 e (4.12)
for the pair (j, k) # (2,3).If (G1,g,J, V) is an affine Ricci soliton associated to the connection V2, then by (4.9), we have
ra—a?—B24+1=0,
Ao+ 208 =0,
Mo — Bry — =0,
1 — Bry —af (4.13)

—a? — B2+ 1 =0,
BAl —ary — ks +a? 4+ Aa =0,
Az +A=0.

Solve (4.13), we have
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Theorem 4.3. (Gi,g,J, V) is not an affine Ricci soliton associated to the connection V.

Proof. By the first and second and fourth equations in (4.13) and & # 0, we get Ay = 0,41 = 2,1 = a? + B2, By the third equation
in (4.13), weget Ay = Ay = B = 0, A = 2. By the fifth equation in (4.13), we get A3 = « + A. By the sixth equation in (4.13), we get
o2 + kot + A" = 0. Then & = & = 0, this is a contradiction. O

For (Ga, V?), similar to (3.21), we have

~ YA
Prlees) = —=, D en) =D’ (¢ e, (4.14)

for the pair (j, k) # (1, 3). If (Gz,g,], V) is an affine Ricci soliton associated to the connection V2, then by (4.8), we have

~(r*+%2)+r=0,
Ay =0,
aky+2yk =0,
2, af —
—yM—(V +7)+A—0,
By _av\ _
g2 -) =0
A3+ A =0.

(4.15)

Solve (4.15), we have

Theorem 4.4. (G, g,], V) is not an affine Ricci soliton associated to the connection V2,

For (Gy, V?), similar to (3.24), we have

~ YA o ~
Prlene)=—= e =7 (¢, (4.16)

for the pair (j, k) # (1,3).If (G2,g,], V) is an affine Ricci soliton associated to the connection V3, then by (4.9), we have

_:32_7/2+)‘:0>

Ay =0,

—ady+yA3 —yr =0,
~yh = (y* +ap) +1 =0,
)\.lﬂ—(){)/:(),

A3 +A=0.

(4.17)

Solve (4.17), we have

Theorem 4.5. (Ga,g,], V) is not an affine Ricci soliton associated to the connection V3.

For (Gs, V%), we have p*(ej, ex) = p°(ej, ex), for any pairs (j, k). If (G3, g, ], V) is an affine Ricci soliton associated to the connection V2, then
by (4.8), we have

—yaz+ A =0,
)\2(13 =0,
Aiasz =0,

Az +A=0.

(4.18)

Solve (4.18), we have
Theorem 4.6. (Gs,g,], V) is an affine Ricci soliton associated to the connection V? if and only if the following statements hold true

(i) a3 #0,)\1:)\2:0,)\:)/%,)\3:—%,
(ii) a3=A=A3=0.
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For (Gs, V?), we have 5° (ej ex) = ol (ej, ex), for any pairs (j, k). If (G, g, ], V) is an affine Ricci soliton associated to the connection V3, then
by (4.9), we have

y(a—a3) +1 =0,

(a2 +a3)rr =0,

—y(ay+az) +1 =0, (4.19)
A(az —a)) =0,

AA3 +A =0.

Solve (4.19), we have
Theorem 4.7. (Gs,g,], V) is an affine Ricci soliton associated to the connection V* if and only if one of the following cases occurs

i) y=r=A3=0,ar=0,81; =0,
(i) y#0,0=p=h=hs=0,
(iii)7750)“25750:7\121220»)\205%)\3:—%-

For (G, V), we have

| >

Prees) ==, D (ejex) = P lejen), (4.20)
for the pair (j, k) # (1,3). If (Gs, g, J, V) is an affine Ricci soliton associated to the connection V2, then by (4.8), we have
2n—pB)bs —14+1=0,

A2 =0,
—b3ky + A =0,
4.21
AMA+Q@2n—pB)bs—14+1=0, ( )
Aibs+ b3 — =0,
A3+ A =0.
Solve (4.21), we have
Theorem 4.8. (Gy,g,], V) is not an affine Ricci soliton associated to the connection V2,
For (G4, V?), we have
~3 A ~3 ~1
1% (61,63) = E) 1% (ej> ek) =P (Ej, ek)) (422)
for the pair (j, k) # (1,3). If (G4, g, J, V) is an affine Ricci soliton associated to the connection V3, then by (4.9), we have
—[1+ (B —2n)(bs —b))]+21=0,
Az =0, 3
—(ba+b3)d2 — A3 + A =0, (4.23)

M —[1+ (B =2+ b3)]+4 =0,
A(bs —b1) + (@ + b3 — b1 — ) =0,
W3+ A = 0.

Solve (4.23), we have

Theorem 4.9. (Gy,g,J, V) is not an affine Ricci soliton associated to the connection V3.

For (Gs,g,J, V?), p*(ei, ej) = 0,for 1 <i,j < 3.1f(Gs,g,], V) is an affine Ricci soliton associated to the connection V2, then by (4.8), we
have

A=0,

(B—y)r2 =0,

G0 (4.24)
A3+ A =0.

Solve (4.24), we have

Theorem 4.10. (Gs,g,], V) is an affine Ricci soliton associated to the connection V2 if and only if the following statements hold true

() y#BArA=Mm=r=r=00+8#0,ay + 85§ =0,
@) A==y =0,a+38#0,r3=0.
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For (Gs,g,], v3), p3(ei, e) = 0,for 1 < i,j < 3.1f (Gs,g,J, V) is an affine Ricci soliton associated to the connection V3, then by (4.9),
we have

A=0,
A A =0,
aAl + YA (4.25)
Br1+ 682, =0,
M3+ A =0.
Solve (4.25), we have
Theorem 4.11. (Gs,g,], V) is an affine Ricci soliton associated to the connection V> if and only if
(i) A=M=k=2=0
(i) A=Ay =A3=a=B=01 #0,8#0,
(i) =0, =A3 =0,y 0,8 =y = 0,a # 0.
For (Gg, V?), we have
~2 8 ~2 ~0
p-(e1,e3) = 7) P (ej, ex) = p (ej> €k)» (4.26)
for the pair (j, k) # (1, 3). If (Gg, g, ], V) is an affine Ricci soliton associated to the connection V2, then by (4.8), we have
BB-y) - +1=0,
Ol)uz = 0,
— B)ry + 281 =0,
v =P 5 (4.27)
—ah + 3B - y) P+ a=0,
B —ya+ 388 —y) =0,
A3+ A =0.
Solve (4.27), we have
Theorem 4.12. (Gg,g,], V) is an affine Ricci soliton associated to the connection V2 if and only if the following statements hold true
() a=B=08#0y#0A=2 =01 =-57%=—2%
(i) @ # 0, A =A2=y=8=0,A=a2—%ﬂ2,k3=—%.
For (Gg, V?), we have
~3 85 ~3 ~1
14 (61, 63) = 7’ 14 (ej’ €k) =p (Ej, ek): (428)
for the pair (j, k) # (1,3). If (Gs, £, J, V) is an affine Ricci soliton associated to the connection V3, then by (4.9), we have
—(@*+By) +Ar=0,
)\.20[ =0,
—8A3 + 81 =0,
3+ S (4.29)
—oA —a*+ A =0,
yA1r =0,
A3+ A =0.

Solve (4.29), we have

Theorem 4.13. (Ge, g, ], V) is an affine Ricci soliton associated to the connection V> if and only ifa # 0,01 = hy =y =8 = 0, A = a?,
2

A= —%.
x

For (G7, V?), we have

By

- 1 — Sy - 1 — "
Pllenes) = (Br—ay = =), Pleres) = (@h+a’+ =0, Plee) = (e en), (4.30)
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for the pair (j, k) # (1,3),(2,3).If (G7,g,J, V) is an affine Ricci soliton associated to the connection V2, then by (4.8), we have
—ahy — <a2+ﬁ7’/> Fa=0,

a)\‘l - ,8)&2 = 0)

(B—%) A2+ Br— (ya+ ‘%) =0,

(4.31)
B — <a2+ﬂ7y)+kzo,
G- rm+sr+a?+ 2 =0,
A3+ A =0.
Solve (4.31), we have
Theorem 4.14. (G7,g,], V) is an affine Ricci soliton associated to the connection V? if and only if one of the following cases occurs
() a=B=0y#08#0A=01i =223, =-51=0,
(ii) o # 0, Ay =Az=ﬁ=y=o,x=a2,5;s0j_—— A3 =6
For (G7, V3), we have
~3 _ @ ~3 _1 2 67 YN D
p (e, e3) = af + Bé + P (e2,€3) = 2(ﬁ)f +ad+25°+681), p(eren) = p (e (4.32)
for the pair (j, k) # (1, 3), (2,3). If (G7,g,J, V) is an affine Ricci soliton associated to the connection V3, then by (4.9), we have
—aky —a?+A=0,
ar — Bry+ B —af =0, B
—aky —yhy — BAs +2B@+ 8+ 5) =0, (433)
Br1— (@ + B>+ By) +1 =0, B
—BA —8hy — A3 + By + a8 +282+ 61 =0,
Iz +A=0.
Solve (4.33), we have
Theorem 4.15. (G7,g,], V) is an affine Ricci soliton associated to the connection V> if and only if the following statements hold true
i) r=a=8= y 3:06#0%2_284—)\
(i) a=B=A=hr=A3=0,y #0,8 #0, A = —28,
3 2
(iii) o = A = A3 = /3# LS E O =B 4y, k=8, =120y = B0
(iv) a 20, f=y=208= :Azzo,)»:az,)»g:—“%,
) a0 B=y=A=r=0A=0a>8£0 s =a+28+1 A + (@+28)A+a?=0.
Proof. We know thatey = 0and o + & # 0.
Case i) a = 0, then § # 0. By (4.33), we have A = A3 = O and
Bry—8) =0,
—yAi2+2B8+ pA =0, (4.34)

Br1— (B> + By) =0,
—Br1 — 8ha + By + 282 + 86X = 0.
Casei)-a) B =0, thenby (4.34), we have y A, = 0 and A, = 28 + A.
Case i)-a)-1) y = 0, we get (i).
Casei)-a)-2) y #0,wegeti, =0 and A = —28. So we have (ii).
Case i)-b) B # 0, then by (4.34), wehave A1 = B+ y, Xy = 6, n=2 ﬁZﬂB By the fourth equation in (4.34), we get y = B +ﬂ82 and
this is (iii).
Case ii) a#0,s0y =0.
Caseii)-a) B =0,by(4.33),wegeti; = Ay =0, A =a?, 8h3 = ad + 282 + 84, A3 = —0‘72.
Case ii)-a)-1) § = 0, we get (iv).
Case ii)-a)-2) § # 0, we get (v).
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Caseii)-b) B # 0, wegetar, + fr; — B2 =0andar; — Ay + B(8 —a) = 0. So get

_pg_ _aps
A= 2a+ﬂ’
r= L2
wi (4.35)
)\=o¢2+ﬁ2+a’ ,
M=Ata+28+ -2

it

Using (4.35) and the fifth equation in (4.33), we get 82(a® — a8 + 82 + B2) + a25% = 0, so we get 8 = 0 and this is a contradiction. So we
have no solutions in this case. O
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1. INTRODUCTION

Boson-Fermion correspondence is well-known in mathematical physics [1,11]. Young diagrams and symmetric functions are of interest to
many researchers and have many applications in mathematics including combinatorics and representation theory [3,10]. There are many
relations between Boson-Fermion correspondence and symmetric functions.

The KP hierarchy [1] is one of the most important integrable hierarchies and it arises in many different fields of mathematics and physics
such as enumerative algebraic geometry, topological field and string theory. Schur functions have close relations with the t-functions of
KP hierarchy. Schur functions give the characters of finite-dimensional irreducible representations of the general linear groups, see [3,10].
Schur functions can be realized from vertex operators as in Equation (6) of this paper, and these vertex operators can be used to construct
Fermions which act on Bosonic Fock space, see [7,11]. By replacing nx, by power sum, we find that the character of Young diagram in [11] is
the same with the Schur function obtained from the Jacobi-Trudi formula, which tells us that the Schur functions are solutions of differential
equations in the KP hierarchy, and the linear combinations of Schur functions with coefficients satisfying some relations (pliicker relations)
are also t-functions of the KP hierarchy. In [12,13], the author generalized the KP hierarchy to the UC (universal character) hierarchy, whose
t-functions include universal characters [8].

The orthogonal and symplectic Schur functions are upgraded from Schur functions in the same setting [2]. Symplectic Schur functions
are equal to orthogonal Schur functions with the conjugate Young diagrams. Like Schur functions, the symplectic and orthogonal Schur
functions can also be realized from vertex operators as in Equation (19), and these vertex operators can also be used to construct Fermions.
Then there certainly exists an integrable system. In this paper, we will construct this integrable system, and show that the symplectic and
orthogonal Schur functions are its solutions.

This paper is arranged as follows. In Section 2, we will recall the definition of Schur function, its vertex operator realization, and the relations
between Schur functions and KP hierarchy. In Section 3, we will recall the definitions of orthogonal and symplectic Schur functions, their
respective vertex operator realization, then we will define an integrable system whose 7-function can be obtained from orthogonal and
symplectic Schur function. In Section 4, we will construct a method to calculate orthogonal and symplectic Schur functions from a different
kind of Boson-Fermion correspondence. In Section 5, we will construct the modified type of the integrable system which is constructed in
Section 3. In Section 6, we will consider the universal character and the corresponding UC hierarchy.

*Corresponding author: Email: wangna@henu.edu.cn
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2. SCHUR FUNCTIONS, VERTEX OPERATOR AND THE KP HIERARCHY

Let x = (x1, %2, - - ). The operators h,(x) are determined by the generating function:
oo o0
R Z h,(x)k", where £(x,k) = ank" (1)
n=0 n=1

and set h,(x) = 0 for n < 0. Note that if we replace ix; with the power sum p; = > x
function [10]

2 %> hn(X) is the complete homogeneous symmetric

Z Xiy Xi * * * Xi,- (2)

i1 <ip<-+<iy

For Young diagrams A = (A1, 2, - - , A7), the Schur function S, = S (x) is a polynomial in C[x] defined by the Jacobi-Trudi formula [8]:

Sy (x) = det (hki—i+j(x))1§iJ51- (3)
Introduce the following vertex operators
VEK) = Y VKT = f0 e, @
nez
V) = ViR = SR, )
nez
where 9y = (8xl, 500 s %8,(”, -++). The operators Vi+ are raising operators for the Schur functions
$.(0) = Vi Vi (6)

where X is a Young diagram (A1, A2, - - - , A1), and we denote S, (x) by S, for short.

Introduce Fermions lﬁj* and j foranyj € Z + % as operators satisfying the relations

W5 b = 0, {y' ¥t = 00 (Y, Wk = 80 ?)
where {A, B} = AB + BA. The generating functions of Fermions are
Yk = Y kT gl = Y gk,
JEZA-1/2 JEZA-1/2

The Fock representation space of Fermions is the space of Maya diagrams. A Maya diagram is made up of black and white stones lined up
along the real line with the convention that all the stones are black far away to the right, whereas all the stones are white far away to the left.
For example, the following is a Maya diagram

OO e e O e O e e
~7z7_s5_3_1 1 3 5 7 9
2727272 2 2 2 2 2 (8)
By writing half integers uy, u, - - - for the positions of the black stones, a Maya diagram is described as an increasing sequence of half integers

u = {up}y>1 with u; <uy <uz <---.

For example, the Maya diagram in (8) is denoted by

3 1379
2 27222
Define the charge p of a Maya diagram as the number of white stones on the right half line minus the number of black stones on the left half

line. For example, the charge of Maya diagram in (8) is zero.

Let F be the vector space based by the set of Maya diagrams, which is called Fermionic Fock space. The basis vector is written as |u). In
particular,

|0):| > o r)

N | =
NSOV
= Mlwu

The action of Fermions v; and 1//].* foranyj e % + Z on Maya diagrams |u) is determined by the formulas

DY uiiy, tisy, - - - if u; = —j for some i,
Yilu) = =D L Uikl ") j ©)

0 otherwise,
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*
tﬁju

) = (=1 --- S Uis Jy Uig1, -+ ) ifuj < j < uipq for some i,
otherwise.

(10)

There are three vector spaces which are isomorphic to each other [11]: the polynomial ring C[x] = C[x1, X, - - - ] of infinitely many variables
X = (x1, 2, - - - ) which is called the Bosonic Fock space, the charge zero part of the Fermionic Fock space F, and the vector space Y spanned

by Young diagrams. Therefore, the Maya diagram |u) can be written as
|ll> = |)\,I’1> = |S)un>’
where 7 is the charge of |u). In the special case of n = 0, we also write the Maya diagram |u) as |A).
Letf (z,x) € Clz, 271, %1, %, - - - |. Define operators
Kf(z,%) = 2f (2, %), KDPf(z,%) = f(kz,x).
Define the generating functions [5,11]
- Y
Vi) = Y VikT1 = V(e K,
jez+3
~ ~ 771 _
Vi) = ) VKT = v (efk.
j€z+3
It can be checked that
{Vi) ‘N/]} =0, {{/1*’ ‘N/]*} =0, {‘N/b ‘N/]*} = 8i+j,0>
that is, the operators V;, \7]* determine a representation of the algebra spanned by Fermions, see equations in (7).
Definition 2.1. For an unknown function t = t(x), the bilinear equation
Z \7]-*1 ® \7_]'1' =0
jez+1

is called the KP hierarchy, see [5,11].

3. THE ORTHOGONAL SCHUR FUNCTION, THE SYMPLECTIC SCHUR FUNCTION,
VERTEX OPERATORS AND AN INTEGRABLE HIERARCHY

For a Young diagram A = (A, - - - , A7), the orthogonal Schur function[6,9] is defined to be
89 = det(hy,—itj — —i—p)1<ij<i>
where h, is the nth complete symmetric function of the form in equation (2). Define vertex operators
Vo(z) = (1— ZZ)eE(x,z)e—é(éx,z’l)e—é(éx,z)
Vi(2) = e §009 0na) gk (Fx2)
and let
Vo(@) =Y VP2, Vi) =) V¥
nez nez
Observe that this vertex operator V(z) is the same as V (z) for 7 = (2) in [2].
The operator VY is a raising operator of the orthogonal Schur function, i.e.,
0 01,0 o)
S@=V Vi, Vi1
for a partition A = (A1, A2, -+, Ap).
Define the generating functions
X0 = Y XOkT1 = Vo(k)eKk™,
jeZ+%
X0y = Y X0, 2 = Vi keKkth,
jez+1

11)

(12)

(13)

(14)

(15)

(16)

17)

(18)

(19)

(20)

21)
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It can be checked that
X2, X0} = 0, {XP*, X} = 0, (X7, X%} = 8ijo. (22)
Definition 3.1. For an unknown function t = t(x), the bilinear equation
D> x*rex%t=0 (23)
jez+1

is called the orthogonal/symmplectic KP hierarchy, and denoted by OSKP hierarchy for short.

Equation (23) is equivalent to

Y v¥revir=o. (24)
n+m=—1
It is obvious that equation (24) can be rewritten as
1 ,
P f (1 =2 dzr(x + [z + [2Dr(x — [z = [2]) = 0 (25)
i
with x = (x1,x2,---) and X' = (x},x},--) being arbitrary parameters. Here the symbol [z] denotes (z, é, ?, -+-) and the integration

means taking the coefficient of % of the integrand in the formal Laurent series expansion in z. Then the equation (25) is equivalent to
Res(1 — zz)eé(x_"/’z)‘r(x’ +z N+ Drx—[z" ] =[z]) = 0. (26)

Let us replace (x',x) with (x + u,x — u) and consider the Taylor series expansion at x' = x, i.e., expand with respect to u = (u1, uz,- - ).
Hence, we obtain

Y P20P@0)P@tx T —w = Y Pi(—2w)Pi(du)Pr(@)T(x + wT(x — w) = 0. (27)
i—jtk=—1 i—jtk=—3
By taking the coefficient of u™ = u}'u}? - - -, we get many bilinear equations. Taking the coefficient of 1 = u’, we get
oo oo
D P (D) P(D)T(X) - T(X) — Y Pry3s(D)Pr(D)T(x) - T(%) =0, (28)
k=0 k=0

where Dy = (Dy,, %DXZ, %DxS, -+ - ). We see that every differential equation with respect to x contained in the orthogonal KP hierarchy is of
infinite order. This reflects the fact that the integrand of (25) with ' = x may be singular not only at z = 0, but also at z = co.

For a Young diagram A = (A1, - - - , A1), the symplectic Schur function[6,9] is defined to be

S 1
sF = Edet(h,\,-—iﬂ‘ + ha—imjr2)1<ij<b>

where h,, is the nth complete symmetric function. The Symplectic symmetric function can be obtained by vertex operators as follows. Define
the vertex operators

Vsp(2) = o5 (62) ,—E(0x27") ,—E(0x,2) o)
Vy(2) = (1 — 22)e—E®2) 0%z £ (0x2) o
and let
Vo = SV Vo= v,

nez nez

here the vertex operator Vg, (z) is the same as V; (z) for m = (1%)in [2].
The operator VSP is a raising operator of the symplectic Schur function, i.e.,
ST®=8® =V, Vil v (31)
for a partition A = (A1, A2, -+, Ap).
For an unknown function t = 7(x), the bilinear equation

> vrevit=o0 (32)

n+m=—1

gives the same integrable system as the bilinear equation (23), that is why we call this integrable system OSKP hierarchy.
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4. ORTHOGONAL TYPE BOSON-FERMION CORRESPONDENCE

For Maya diagrams |u) and |v), the pairing (v|u) is defined by the formula
(vla) = 8y 4uy, 000,410 - - - -
Define operators H, by
H, = Z ViV
j€z+1/2
and H(x) = > ;2 | x,Hy.

From the actions of Fermions on Maya diagrams, we get the action of H; on a Maya diagram is H; sending a Maya diagram |u) to the sum
over all Maya diagrams which can be obtained from |u) by moving a black stone to the right. We define P, and Q, from equations

Hp, H_p
ex —K") =) Quk", ex — k") =) Puk" (33)
(e
The action of Q(,; on Maya diagram is defined by Q) sending the Maya diagram |u) to the sum over all Maya diagrams which can be
obtained from |u) by moving black stones 1 times to the right and no one black stone is moved twice. Then, Q1) sends Maya diagram |u)
to the sum over all Maya diagrams which can be obtained from |u) by moving black stones m times to the right and no two adjacent black
stones move at the same time.

Define
Y2 =Y (D)"Y Qi — Y (=) Yugj2Qur, (34)
n=1 n=1
ij* = anﬂ'Qn- (35)
n=1

The actions of I/fjo, 1//jo*, where j € % + Z, on Maya diagram can be obtained from the actions of v;, ¥/ j* and Q(m), Qum) on Maya diagram
according to (34-35).

Let A be a Young diagram, and A’ be its conjugate. The Frobenius notation A = (ny,- -+, nj|my, - - - , m) describes the Young diagram A by
np=A; —i,m; = )\; — i, where [ is the number of the boxes in the NW-SE diagonal line of A.

Under the Boson-Fermion correspondence, the basis vector

Uny - UV - Yoy [Vac) formy <o <m <Oandmy <--- <m; <0
I I4=1)
of Fermionic Fock space of charge zero goes over into the Schur function S, multiplied by a) = (— I)Zle(’"""%)"'T , where A = (—ny —
L m— Y —m— —m- ) e
Sy, = ay (vacle® ™y, Y - Y vac), (36)
then we have
Proposition 4.1. For A = (—n; — %, cee, =Ny — %I —my — %,- ce,—my — %), the orthogonal Schur function S? is obtained from
1 1y, =D
SS = (—1)2:1':1("1’4»2)4‘r 2 (VaC|€H(x) 1/,7?1 - 1//-2 n?;k . ¢2f|vac>. (37)
Using the Fermions v/; and wj*, we can also get the orthogonal Schur function by the following formula.
Proposition 4.2. For A = (—n; — %, e, =y — %| —my — %,- e, —my — %), the orthogonal Schur function S}? is obtained from
1 1y, =D _y© 1 g2
SO = (=) Zimt M+ )+ 75 () 0 = Lonmr 3 HutH2n) g, Y, - U vac). (38)
We can get the symplectic Schur function similarly.
Proposition 4.3. For A = (—n; — %, cee Ny — %| —my — %,~ ce,—my — %), the symplectic Schur function Sip is obtained from
S S Sp .S S
S = ap (vacle Yy -y Yy -+ Yy vac) (39)
oo 1
= a; (vac|e® e~ L= E(Hﬁsz”)l/fnl Y Yo, "'W:;,WQC), (40)

1 1 1(1-1)
where a; = (—1)2i= (Mt )+77-
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For example, we can calculate ng in the following two ways. The first way is
VO =Y s =¥ — v 1Q+¥:Q+---,
5 2 2 2 2
VO =V HUIQH Yt
Then,

ng = (Vac|eH(x)1ﬁ9§ 1//(}; |vac)
2 2

= (vacle™@(y_3 — Y1)y |vac)
2 2 2

= S — So.
In the second way, we know that for the Maya diagram
ly)= """ O O O e @ O e 0 o
_7z_5_3_1 1 3 5 7 9
2727272 2 2 2 2 2

we have H,;y = 0 when m > 2. Then
ng = (vac|elT®e™ PR ﬁ(Hﬁ+HZ”)w7%w7% |vac)
= (vacle (1~ (1} + Hp)ly)
= (vacle" ™ (1 - Q)ly)
= S — So.
Then, we obtain the orthogonal type Boson-Fermion correspondence.

Proposition 4.4. The Fermions wjo, wjo* are realized in the Bosonic Fock space by on, X].O*, i.e., for any lu) € F, we have

ey LCluy = XP U u), (e TOy P uy = X (11 u), (41)

5. THE MODIFIED ORTHOGONAL KP HIERARCHY

Now, we consider the functional relations for a sequence of t-functions connected by successive application of vertex operators. Let 7p :=
7(x) be a solution of the orthogonal KP hierarchy (23). Let 7; := Vp(a)T and 7] = Vsp(a)T with an arbitrary constant @ € C*. Then 7
and 7 are also solutions of (23) . Moreover, we can deduce the bilinear equation

Z Vno*‘rn ® V,?Tn-H =0
n+m=—2
from (23) multiplied by 1 ® Vp(«) or
Z VSP*Tn ® Vspfn+1 =0
n+m=-—2
from (32) multiplied by 1 ® Vs, (er). The two equations above can be equivalently rewritten into the equation
1 ,
5o P 2= DEdzny &+ [ + 2D (x — 271 = [2) = 0. (42)
i

Replace (x/,x) with (x + u, x — u) and consider the Taylor series expansion at x' = x, we obtain

Y P—20P )P T (X WTap (X —w) + Y Pi(—2w)Pj(00) Pe(B0) Ta (X + WTyp1 (X — ) = 0. (43)
i—jtk=—2 i—jtk=—4
By taking the coefficient of u™ = u{'u}? - - - for variety n, we will get many bilinear equations. Taking the coefficient of 1 = u’, we get
oo oo
Y P2 (D) Pe(D)Ty(X) - Ta1 (X) = Y Prys(D) Pe(Dy) T (%) - Ty (%) = 0. (44)

k=0 k=0
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6. UNIVERSAL CHARACTER AND UC HIERARCHY

For a pair of Young diagrams A = (A1, -+ ,A;) and u = (i1, - - , uy), we define the universal character as a polynomial in x = (x, %, -)
andy = (y1,y2,- -+ )
o LA +1) By o ergici (V) = R, ryivie1 (), 1<i</l
s9 y) = (=Dt det [ Hr-it i—j Hr—ig1 i+j . . 45
[A,Il](x y) =(D X de hk,,1/+l’*i+j(x) _ hl;71/+l’7i7j(x)) I+1<i<I+T! (45)

We can see that the orthogonal Schur function S)? (x) is a special case of the universal character: S)? x) = 58 2 x,y)-

Let us introduce the vertex operators

Xt (k) = (1 — k2)ef &) e E@y k) €@y k) =& Bk ™) =& (Bxk) (46)
X (k) = e~ §00K) GE @k @y p§ (k™) £ (Bxk) (47)
Yt = (1— kz)esw,be—s(éx,k*l) €@k —E(By.k) =By k) (48)
Y™ (k) = e S0k D E@uk™) £ Gok) By £ Byk ™) (49)

andlet X:(k) = Y, 7 XEK", YE(k) = 3,07 YK

It can be checked that the X;= satisfy the formionic relations: X;- Xm g+ X
relations hold also for Y. Moreover, X;* and Y;& mutually commute.

n+1 = 0and X, X;, + X, . X, = S8nsm1,0- The same

Proposition 6.1. The universal character Sﬁ (% Y) can be obtained by means of these operators:

+
Sh ) =X XYL (50)

Proof. We will use the Vandermonde-like identity,

detki’ — k) = [T ki~ kp( — kiky).

1<i<j<l
Then,
X*(kn . ~X+(kz)Y+<w‘1) - YrwTh -1
_]_[(1—k2)]_[(1— 2)]_[(1 kikj) (1 —
Wi i<j
x 1_[(1 _ 7)(1 )eE(Xkl) E(X>k1)e§()’>W1— ) .. .eS(Y:W; )
a<b
I+1'—j +1'+j .
— (i Hk (l+21’—z)1_[ — @b i) 4o w —w . 1<isl
- Wr—it1 I+1'—j 4y . /
k' y ' =k, I+1<i<Ii+l
weE k) L Ekn g ) L Ew
—I—I'+i—j—1 —I—I'+i+j—1 . ,
— (—)l+ +I0ED L wl/—z+ll/ N Wl’l7i—&‘-14 , =izl
ko =k, rr<isitr
b0k | E k) E ) L Erwy )
Taking the coefficient of /' - - k)“’wl_“1 w1, we will get (50). O

We give a remark here to explain the difference between the universal characters S(/)\ W &Y) here and that in our paper [4]. The vertex
operators which realize SO 5, (% Y) in this paper are more complex than that in [4], but in this paper, the universal characters S[x (x,y) can
be described by the determinant, that in [4] can not described by determinant.

Now we can define a UC hierarchy where UC is the abbreviation of universal character.

Definition 6.2. For an unknown function T = t(X,y), the system of bilinear relations
Y X teXir= ) Y, t®Yir=0 (51)
n+m=—1 n+m=—1

is called the orthogonal UC hierarchy.
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If t = t(x,y) does not depend ony = (y1,¥2,- - -), the second equality of (51) trivially holds and the first one is reduced to the bilinear
expression (23) of the OSKP hierarchy. From this aspect, we treat the orthogonal UC hierarchy as an extension of the OSKP hierarchy.

It is obvious that (51) can be rewritten into the form

i y{ (1 -2 Dd c(x + [+ [2hy +[2]) -t — [z ] =[],y — [2]) =0, (52)
ﬁ 55 A= wHEY Y My x4 [wly + w4 [w]) - X — [wly — w1 —[w]) =0 (53)

for arbitrary x,x’, y and y’. Consider their Taylor expansions at (x = X',y = y’), that is, replacing (x, X, y,y) with x —u,x + w,y — v,y + V)
and expand with respect to (u,v) = (uy, uz,- -+ ,v1, V2, - - ), then we get

> Pi(—2w)Pi(3u) Pe(Bu) P (30)Pu(Bu) T (X + 0y + V) T(X — 0,y — V)
i—j+k—m+n=—1

— > Pd—2wP(u)Pk(Bu) P (B0)Pu(Bu)T (X + Wy + V) T(X — 0,y — V) = 0.
i—j+k—m+n=—3
and
Y PA=29)Pi(80)Pi(0u)Pm(Bu)Pa(B) T (X + Wy + V) T(X — 1,y — V)
i—j+k—m+n=—1
- > Pi(—2V)P;(3) Pk (8u) P (30) Pn(3) T(x + 0,y + V)T (X — w0,y — V) = 0.
i—j+k—m+n=-3

Taking the coefficient of u®v™ leads to many differential equation with respect to x,y, these differential equations are all of infinite order.
This reflects that the integrands above with (x = x/,y = y’) may be singular not only at z = 0, w = 0 but also at z = oo, w = oo.

=+
n

( > x,:@x:,;) <xr®xr>=<xf+1®xf_l>( 5 x,:@x:;) 59

n+m=—1 nt+m=—1

In the follows, we give a class of polynomial solutions of the orthogonal UC hierarchy. From the relations between X5, Y5, we obtain

( 5 Y;m:z) (xr®xr>=<xf®xr>( 5 Y;m:z) 55

nt+m=—1 n+m=—1

that is, if T = 7(x,y) is a solution of (51), so is X?“L’, we can verify in the same way that Yt+t is also a solution of (51). By equation (50),
we obtain

Proposition 6.3. All the universal characters Sa) ) (%:Y) are solutions of the orthogonal UC hierarchy.

It is known that if T = 7(x,y) is a solution of (51), so are X* (&) and Y (B)7 for arbitrary constants o, 8 € C*. Then we will consider the
bilinear relations among the solutions connected by the vertex operators. The modified orthogonal UC hierarchy is introduced as follows.

Definition 6.4. Suppose Ty = Tim,n(X,y) is a solution of the orthogonal UC hierarchy (51). Let

Tm+1n = X+(am)'5m,n> Tmn+1 = Y+(/3n)fm,n>
Tm+1,n+1 = X+(am)Y+(/3n)Tm,n =Yt (lgn)X+ (@m) Tmyn

for arbitrary constants oy, B, € C*. From equation (51), we can get the equations satisfied by T, » s, which are called the modified orthogonal
UC hierarchy.

For 7- function 7,4, = Ti,» (X, y), the modified orthogonal UC hierarchy includes the following bilinear equations:

- + - +
Z X,* Tmn & Xj Tm+1l,n = Z Y,* Tmn & Y] Tmt1,n = 0, (56)
ij=—2 i+j=—1
Tin T - X1 X't = Yt D AR =0 (57)
m,n m+1,n+1 i tm+Ln - m,n+1 i tm+ln j m,n+1 .
i+j=0 ij=—2

Here the first equation and the second equation can be deduced from (51) by applying 1 ® X (at,) and X (at) ® YT (B,), respectively.
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From the definition of 7, ,, for a solution 7p of the orthogonal UC hierarchy, we have

m—1 n—1
T = l_[ X (ay) l_[ Y*(B)100s (58)
i=0 j=0
where
m—1
[]x" @) =X @n)- X (@)X (),
i=0
then we have the following bilinear equations.
Proposition 6.5. For integers m,n > 0, it holds that
Y X we®X ta= ) Y w0® Y tu, =0, (59)
i+j=—m—1 i+j=—n—1
T0,0 ® Ti,n — Z X 110 ®XJ.J'_‘C(),H = Z Y, 110® YJ.J'_‘Eoﬂ =0, (60)
i+j=0 i+j=—n—1
Z X 70,1 ®X]‘+Tm,0 =T00 ® Tm,1 — Z Y, 701® YjJrTm,o = 0. (61)
i+j=—m—1 i+j=0

The results above are obtained by applying 1 ® [17;" X+ () H;:ol YT (B)), X () ® ]_[;:01 Y*+(B)) and YT (Bo) ® [115" XT(aw) to (51).

Let us look closely at (59), which corresponds to the orthogonal UC hierarchy (51) when m = n = 0. It can be equivalently
rewritten into

5 21— 2)E DAy 0K + 27+ [2by 4 27+ [2D) - tin(x — 27 1 = [2hy — [z 1= [2) =0,  (62)

1 ,
o f w1 —wHeE YV dw 1o + [wT T+ wly + W T+ WD) - T — [wT T = Wy — [ = [w]) = 0. (63)
i
LetI,] C Z be a disjoint pair of finite indexing sets. By specializing the parameters in (62) and (63) as
X =x— Y [+ Y Ly =y— Y 1+ Y 157,

jel j€l Jjel jeJl
we get
nje](l — th)
——d
njel(l - tjz)
Hje](l - W/tj)
——dw
njel(l —w/h)

Q) = 2"(1 — 2)EEXDdz = 2"(1 - 22)

>

Q) =w"1 - wz)eg(xfxl’w)dw =w"(1 — n?)

Let z = 1/w, we find that
njel (_tj) Q
l_[je](_tj)

Consequently, the integrands of (62) and (63) coincide up to constant functor if the condition |I| — |J| = m + n + 4 holds. Let
l_[je](l — tj2)
de(l - l’]‘Z)

in the integrand of (62), hence, we get

I|—|J]|-m—n—4
Q, = -V X

F(z) =2"(1 - 2% (X + 24 2L Y + 2+ 2D tx = [z = (2l y — [z = [2])

/ F(2)dz =/ F(z)dz =0,
C1 G

where C; and C; are a positively oriented small circle around z = 0 and z = oo respectively such that all the other singularities are out of it.
Then, we obtain

Z Res;—1,,F(z)dz = 0. (64)

iel
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This means that the residue calculus at possible essential singularities z = 0, 0o is avoided for the presence of two bilinear equations (62)
and (63).

For a function f = f(x,y), we define a shift operator T; by
Ti(f) = fx = [ty = 167D
and Tyj,.... i,y == Ty, - - T;, (f) for short. Then (64) gives

n Jef(t’ t) -1 -1
E 1 - 71—[ & )TI/{i}TO,O(X+ [t Ly + D Tiugmtmn(x = [t Ly — []) =0,
jel/{iy\'t — ]

iel 1

which can be regarded as a difference equation with each ¢; being the difference interval. Then, we have

Proposition 6.6. The following equations hold:

LIflll—|]l=m+n+4and m,n > 0, then

n,2 ]e]( i ) 1 1
ot — DTy oo X + [ 'Ly + D) Tiug Tmn(x — [t Ly — [11) = 0.
icl 1_[]61/{1}( i )

2. IflI|—|Jl =n+3and n > 0, then

[Ty (1 —tj/t)
T () Ty (r) = 30 — )= I gy o 17 oy + (6] - o ton(x — [ Ly — [6]) = 0.
t7 [ ieryn (1 — ti/t)

iel

3. IflIl = |Jl =m+ 3 and m > 0, then
ng](l - ti/tj)

)——— ~Tymnox+ [tl_l], + [t]) - Tium ton(x — [t._l]) —[t]) =0.
t2 njeI/{i}(l —ti/) [/ Lo i by ! JUti} T0.n i bY i

T1(t0,0) Ty (Tim,1) = Z(

iel

Letm=1,n=0,1=1,2,3,4,] =0,andlett3 = tfl, ty = t;l, the first equation in Proposition 6.6 reduces to
(1 — i) (ta — t1) T2 (T00) 71,1 = L2 (17 + D Ta(710) T1 (r0,1) — 1 (55 + 1) T1(11,0) Ta(T0,0)s (65)
where the notation T; is a shift operator defined by

Tfxy) = fex— [6] = [t 'Ly — (6] = [67'D).
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1. INTRODUCTION

Hénon-Heiles (HH) systems are Hamiltonian systems in R* endowed with the standard symplectic form dP; A dQ; + dP, A dQ,. The
Hamiltonian function has the form

H—l(p2 P2+ V
=3 17+ P2 4+ V(Q1,Q2)

where V is a polynomial function. There are four nontrivial integral cases with quartic potential whose name in the literature is HH4 followed
by three numbers giving the ratios of the coefficients of the quartic monomials: 1:2:1, 1:6:1, 1:6:8 and 1:12:16. The generalized HH systems
are obtained adding inverse terms to the potential V, without destroying the integrability of the system.

The problem of the integration in quadratures of these systems has been extensively studied in the last decades. The most efficient and
elegant method for this purpose, is to find canonical coordinates that separate the Hamilton-Jacobi equation. In this paper we will deal with
the delicate task of characterizing such coordinates. The difficulty of the task is well known so that, despite decades of efforts, only one of
these four systems has been separated in the generic form: HH4 1:2:1. For the other three systems, the separation coordinates are known
only in some degenerate cases. For HH4 1:12:16, the best available results can be found here [7]. In this paper we deal with HH4 1:6:1 and
HH4 1:6:8 only.

Let’s now introduce them.

2. THE LINK BETWEEN HH4 1:6:1 AND HH4 1:6:8

The generalized Hamiltonian function has the form:

1 1 4
H161=5(P12+P22)—Ea)(le—i—sz)———i—f—iZ— 1)

and depends on three arbitrary constants, w, k; and k;. The last two terms are the inverse terms and the ratios of the coefficients of the
quartic terms are 1:6:1 as expected. This Hamiltonian system possesses an integral of motion that we call K:

_ Q2 Q2 2 , (P2 Q2 , (P12 QP k12ky?
Ko = (e s (0 5 ve) ) 02 (G- ) w0 (G- )+ e @
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The reader can easily check that these two functions are in involution with respect to the standard Poisson bracket hence the system is
Liouville integrable. The separation coordinates for this system are unknown.

The canonical change of coordinates [1]:

Ry
Q= >
Q R_
)
Re (pp @ ki—k ki 3)
Ph=—|—"—F——— > +2—
2\ @ 2 CH Ry
R_
Pl (2n by b
2 @ 2 9 R_
where
2 ki —k ki —k ki — ka)?
Ri2=—4g2+8p —2q.2 + 1622 516 12 4+ 32)p2 +16 8 22)q1 +16 8 42) +16w
2 9@ 9@ q2 92
changes HH4 1:6:1 into HH4 1:6:8:
1 0“9’ +e’) o' 39’
e = — (D12 2 B N & S S N A _r
168 2(P1 +p2°) + 5 5 3 16 V‘h—i—zqz
2
1 , @*Qa*+q?—-8w) B 32* (q2p1 — 2611172)2
kies = — | p2° — +— - 4)
4 8 9 16
4
- % (2 v % —4qpips + % +a’ g’ +4p’q —doqigr® +4 %) :
2

These functions are usually written in a slightly different form in the literature. It's easy to pass from one form to the other with a simple
change of coordinates. The relationships between the coefficients of the two systems are

1
y =30 +k) B=—h — k). (5)
The separation coordinates of (4), in the case y = w = 0, were found using Painlevé analysis in 1994 [6]:
8p2% + 8+/R
291° + q0° - I)ZT (6)
2

where R is the polynomial obtained replacing 8 = 0 in kjeg. The case w # 0 is treated in [8].

Inverting the change of coordinates (3), they provide the separation coordinates for HH4 1:6:1 in the symmetric case k? = k3. As far as we
know, no other cases have been separated to this day. In this paper we solve the case kjk; = 0. Before that, let’s turn our attention to an
alternative method to see the process of separation of coordinates.

3. THE KOWALEWSKI CONDITIONS

In 2005 E. Magri published a paper [3] revisiting the famous problem solved by S. Kowalewski in 1888 [2]: the so called Kowalewski top.
The method adopted in the paper is general and can be applied even in the non-Hamiltonian case, provided that a convenient number of
commuting vector fields and first integrals are present. It was subsequently refined in several publications over the years and finally presented
in a complete form in [4,5], where the reader will find all the proofs that are omitted here.

Let’s now summarize the key ideas in the case of a symplectic system in R* with Hamiltonian functions H and K.

The method assumes the presence of a second Poisson tensor P, compatible with the tensor P; associated to the symplectic structure:
[P1,P2] = [P2,P,] =0

where . . . ]is the Schouten bracket. We also assume that the two Hamiltonian functions H and K are in involution with respect to the Poisson
bracket associated to P;:

P,(dH,dK) = 0.

At this stage one can built the torsionless, recursive operator N = P, P; ~1 If N has maximal rank, the two distinct eigenvalues provide (half
of) the separation coordinates. The explicit determination of the compatible Poisson tensor P,, that requires the calculation of six unknown
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functions, can result quite cumbersome even in relatively simple cases. The number of unknown functions can be reduced to four, the
components of a vector field X, looking for tensors P, = Lx(P;). Using this method the bi-Hamiltonian structure of cubic Hénon-Heiles
systems can be calculated directly [9].

However, in the present case, the explicit determination of a bi-Hamiltonian structure in natural coordinates seems definitely too complicated.
The good news is that one does not have to build up N (and, before this, P,) in order to calculate its eigenvalues. To understand this point,
we start observing that N acts on the vector fields tangent to the Lagrange foliation defined by the level surfaces of H and K [9]. This
bi-dimensional foliation is spanned by the Hamiltonian vector fields Xy and Xk so that

NXy = mXg + myXg
NXg = m3Xy + myXg
my
ms3
leaves of the foliation, written in the basis associated with Xy and Xg. Furthermore the tensor M is also torsionless since it is the restriction

of a torsionless tensor to an invariant surface. This is the first of the two properties that characterize M. The second one is that the vector
fields X and Xgx must commute with respect to the modified commutator

[X Y]y = [MX, Y]+ [X,MY] — M[X, Y]

m
for some functions my, . .., my. It is now clear that the so called control matrix M = ( m2 ) is nothing but the restriction of N to the
4

defined on the vector fields tangent to the Lagrangian foliation.

F Magri proved that these two properties are necessary and sufficient conditions for the system to be separable and for the eigenvalues of M
to be separation coordinates [5]. The point of interest in all this discussion is that these two conditions, T(N) = 0 and [X, Y]y = 0, can be
reduced to four differential constraints, on the entries of M, called Kowalewski Conditions (KC):

{m3>H} = {mllK}
{m4)H} = {mZ)K}

(7)
{myms + mymy, HY = {m} + myms, K}
{myms + mi, HY = {mym; + mymy, K}
We also need an extra condition for the new coordinates to be canonical: the trace and the determinant of M must be in involution
{m1 4+ myg, mymy — myms} = 0. (8)
In order to solve the KC one has to solve four differential equations in four unknown functions mj, . . ., my; this can be quite challenging.

A first step could be to select a particular class of solutions that is easier to calculate but general enough to include most of the significant
examples in the literature. The experience suggests this form for M:

my = aF? 4+ bFG + ¢G* 4+ dF + eG + f

my =gF+v ©)
ms = pF* 4+ qFG + rG* + sF +tG + u
my =gG+w
where all the coefficients a, b, c. .. are constants of the motion while F and G are unknown functions.
If we agree to denote by
f=xu() = Xx(f)
the derivatives of a function f along the given Hamiltonian fields, and replacing (9) into (7), we obtain the following
Proposition 3.1. If the functions F and G are solutions of the equations
F=G
. . (10)
G = (uF+1)G— (uG+v)F
where j1, T and v are constants of the motion, then the functions
mp = —e(uF2 +1tF—G) —v(uF+1)+w
my :=eF+v (1)

—e(WFG + vF) — v(uG +v)

my :=eG+w

3
i

verify the KC.



306 N. Sottocornola / Journal of Nonlinear Mathematical Physics 28(3) 303-308

Therefore, if we limit our search to solutions of the form (9), the problem reduces to two differential equations (10) in two unknown functions
Fand G.

In [8] we suggested the method of the vector field Z, in order to reduce the task to the search of one single function V (the potential function)
and a few constants.

Lets outline the method in the case of HH4 1:6:1. The idea is to extend the phase space including the constants of the problem as
new coordinates, so turning our system into a Poisson one. In our example, we can extend the phase space to R® with coordinates
(P1, P2, Q1, Q2, k1, k2). The Poisson tensor is obtained adding two extra columns and two extra lines of zeros to P;. We now consider the
vector field Z so defined:

0 0
Z=X — —_—, ,wy € R.
V+W18k1 +W28k2 W1, W)

V, w1, wy are unknown and Xy is the Hamiltonian vector field associated to V. Sometimes it may be useful to look for a potential function
of the form V = Inf (some examples are given in [8]). The next step is to define the “Fundamental Functions” F and G of Proposition 3.1 in
this way:

F = Z(Hi61) G = Z(Ky61). (12)

A simple calculation proves that the first of equations (10) is automatically verified with any choice of the potential function [8]. This means
that the problem is finally reduced to the determination of a single function V (plus, eventually, the constants w;, w;) verifying the second
equation in (10). It should be stressed that the involutivity condition (8) has to be checked independently from the KC.

It’s time now to see how the method of the vector field Z can provide the separation coordinates for HH4 1:6:1 in the case k1k; = 0.

4. HH4 1:6:1 IN THE CASE k1ko =0
The system (1)-(2) is invariant under the symmetry

(PlsPZ) Ql) QZ)klka) — (P2,P1, QZ) lekZ)kl)

so it’s enough to solve the case k; = 0:

1 1 4 3 2 2 4 kZ
H=5<P12+P22)—Ew(Q12+Q22)—Q—1—ﬂ—Q—2—

32 16 32 2Q°
Q% Q2 2 , (P2 Q2 (13)
K=<P1P2—Q1Q2<T+T+w>> —k (@_T)

In order to apply the method of the field Z we extend the phase space to R® with coordinates (P, P2, Q1, Q2, k). A first remark is that the
system is homogeneous with respect to the following gradation:

P, Py, 0 ~2 Q1, @ ~1 k~3. (14)

We detail now the steps of the algorithm.

1. We look for a vector field of the form Z = Xy +w d/dk with V = Inf as suggested in Section 3. Our problem is now to find the unknown
function f and the constant w.

2. Because the system is homogenous we look for homogeneous Fundamental Functions F and G. For that purpose, the presence of the term
d/0k forces f ~ 4.

3. Replacing f with the general homogeneous polynomial of degree 4 with respect to the gradation (14) and adding inverse terms like kP, /Q;
suggested by the form of the Hamiltonian functions, we are now able to calculate F and G with (12).

4. We can choose the coefficients of f and w in such a way that the second equation in (10) is verified:

Q* | Q° ) kP, le)

1
V=-In(pPP — =t x2 Sl 2
kn(12 Q1Q2(8 + s +o)+ +

Q 5 (15)

dz X+1a
N = - .
é VT X ok

5. We choose the integrals of motion in M in such a way that the involutivity condition (8) is verified (see (16)).

The results of this discussion can be summarized in the following
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Theorem 4.1. Consider

19
o thevector field Z = Xy + A where V is the function in (15);

o the functions F and G defined in (12);
o the Control Matrix

—2K*F +2H 1
M= <—2k2G +4K + 8k20 2H> ' (16)

Then the eigenvalues of M are separation (canonical) coordinates for (13).

Proof. A straightforward calculation gives

Fo 2Qi1%Q +4 Q1P +4k
Q*Q + (P +8wQ, — 4k) Q12 — 8P1P,Q; — 8kP>

ey @ Q@ KQTH () 80 +4P) Q7+ 4QIQP +45Q,)
= -_ - — — 2 -
4 4 Q*Q + (Q° +8wQ, — 4k) Q12 — 8P1P,Q; — 8kP>
and (16) provides the four entries mj, . . ., my4 of the Control Matrix. With these functions (7) and (8) are verified so that the eigenvalues of
M are separation coordinates. O

5. FINAL REMARKS

« If we replace K with K — H? the Control Matrix can be written in the simplified form:

M (CRHEH4H 1
~ \-2kG+4K 0)°

E Magri already pointed out a similar behavior of the Kowalewski top [5].
 Another set of separation coordinates can be obtained using quadratic functions in F and G:

—2k’F*4+G F
M= (—zkzFG + 4KF G) (17)

o HH4 1:6:8 has been solved only in the particular cases By = 0 [10]. The eigenvalues of (16) or (17), through the change of coordinates
(3), provide the separation coordinates for the case f = —4y2.

o HH4 1:6:1 with k; = k; = k has already been solved using the method of the field Z and a potential function V' = In f [8]. The functions
f for the cases k; = ky = k and (k;, k2) = (k, 0) are, respectively,

2 2 kP, kP k*
Ple—QIQz(%+%+w>+—2+—l+

Q1 Q  QQ
and
Q% Q2 kP,  kQ
PPy — Qi <T+T+w> +a+7.

The idea is to guess, from these particular examples, the form of f for the generic case. The first part of the function is independent from the
constants so it is reasonable to expect that it remains unchanged but for the last terms the situation is uncertain. For instance it is not clear
why the term kQ) /2 does not appear in the case k; = k; = k.

The generic case remains unsolved.
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1. INTRODUCTION

The Atiyah-Singer index Theorem ([2,3]) gives a cohomological interpretation of the Fredholm index of an elliptic operator. The Atiyah-Bott-
Segal-Singer index formula, which called the equivariant index theorem, is a generalization with group action of the Atiyah-Singer index
theorem. The first direct proof of this result was given by Patodi, Gilkey, Atiyah-Bott-Patodi partly by using invariant theory [1,12]. This
theorem generalizes the Atiyah-Singer index theorem and the Atiyah-Bott fixed point formula for elliptic complexes, which is a generalization
of the Lefschetz fixed point formula. In [7], Berline and Vergne gave a heat kernel proof of the Atiyah-Bott-Segal-Singer index formula.
Moreover, Lafferty, Yu and Zhang [14] presented a simple and direct geometric proof of the equivariant index theorem for an orientation-
preserving isometry on an even dimensional spin manifold by using Clifford asymptotics of heat kernel. Furthermore, Ponge and H. Wang
gave a different proof of the equivariant index formula by the Greiner’s approach to the heat kernel asymptotics [19]. In [15], in order to
prove family rigidity theorems, Liu and Ma proved the equivariant family index formula. In [22], Y. Wang gave another proof of the local
equivarint index theorem for a family of Dirac operators by the Greiner’s approach to the heat kernel asymptotics. In [21], using the Greiner’s
approach to the heat kernel asymptotics, Y. Wang proved the equivariant Gauss-Bonnet-Chern formula and gave the variation formulas for
the equivariant Ray-Singer metric, which are originally due to J. M. Bismut and W. Zhang [9].

In parallel, Freed [11] considered the case of an orientation reversing involution acting on an odd dimensional spin manifold and gave
the associated Lefschetz formulas by the K-theretical way. In [20], Wang constructed an even spectral triple by the Dirac operator and
the orientation-reversing involution and computed the Connes-Chern character for this spectral triple. In [16], Liu and Wang proved
an equivariant odd index theorem for Dirac operators with involution parity and the Atiyah-Hirzebruch vanishing theorems for odd
dimensional spin manifolds. In [24] and [25], Zhang introduced the sub-signature operators and proved a local index formula for these
operators. By computing the adiabatic limit of eta-invariants associated to the so-called sub-signature operators, a new proof of the Riemann-
Roch-Grothendieck type formula of Bismut-Lott was given in [17] and [10]. The motivation of the present article is to prove a local
equivariant index formula for sub-signature operators. As the subsignature operator is locally a twisted Dirac operator, we can obtain our
theorem by the proof of equivariant twisted Dirac operators. We give a direct proof of a local equivariant index theorem for subsignature
operators by the Volterra calculus, rather than derived from the local equivariant index theorem of twisted Dirac operators. Thus our
direct proof of the equivariant index theorem of the subsignature operators using Volterra calculus can be seen as analogous to the works
[21,23,26].

This paper is organized as follows: In Section 2, we recall some background on sub-signature operators. In Section 3.1, we prove a local
equivariant index formula for sub-signature operators in even dimension. In Section 3.2, we prove a local equivariant odd dimensional
index formula for sub-signature operators with an orientation-reversing involution.
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2. THE SUB-SIGNATURE OPERATORS

In this section, we give the standard setup (also see Section 1 in [24]). Let M be an oriented closed manifold of dimension n. Let E be
an oriented sub-bundle of the tangent vector bundle TM. Let g™ be a metric on TM. Let g¥ be the induced metric on E. Let E- be the

sub-bundle of TM orthogonal to E with respect to g™. Let gEL be the metric on E* induced from ¢g™. Then (TM, g™) has the following
orthogonal splittings

TM = E® E, .1)
1
sM=gFog. 2.2)
Clearly, E* carries a canonically induced orientation. We identify the quotient bundle TM/E with E*.

Let QM) = Pj Q1 (M) = @ I'(A'(T*M)) be the set of smooth sections of A(T*M). Let * be the Hodge star operator of g™ Then Q (M)
inherits the following inner product

(o, B) :/ aA%B, a,B e QM). (2.3)
M

We use g™ to identify TM and T*M. For any e € I'(TM), let eA and i, be the standard notation for exterior and interior multiplications on
Q(M). Let c(e) = e A —i,, ¢(e) = e A +i, be the Clifford actions on €2 (M) verifying that

c(e)c(€) + c(e)cle) = —2{e, e/)gm, (2.4)
cle)e(e) + c(e)c(e) = 2(e, €/>gTM, (2.5)
c(e)c(e) + ¢(e)c(e) = 0. (2.6)
Denote k = dimE and we assume k is even. Let {f, - - - , fx} be an oriented (local) orthonormal basis of E. Set
CE.g°) = &(f) -+~ &(fo), 2.7)

where ¢(E, gE) does not depend on the choice of the orthonormal basis. Let
€ = Idneven(epr) — Id/\odd(T*M)
be the Z,-grading operator of
AT M) = A" (T*M) & A“4(T*M).

Set
r(M,gE) = (ﬁ) eE(E,gE). (2.8)
It is easy to check
(M, g% =1. (2.9)

Let
AL(T*M, gF) = {w € AM(T*M), (M, gF)o = o)

the (even/odd) eigen-bundles of (M, gF) and by Q. (M, gf) the corresponding set of smooth sections. Let § = d* be the formal adjoint
operator of the exterior differential operator d on €2 (M) with respect to the inner product (2.3). Set on Q(M) = I'(AT*M)

L/, .
D = 5 ({Eg"@+8) + (~DF(d +0)2(E,g")). (2.10)
Then we can check
Dp(M,g") = ~7(M,g")Dp, (2.11)
* k(k+1)
Di=(-1) 7 Dp (2.12)
where D, is the formal adjoint operator of D with respect to the inner product (2.3). Set
~ k(k+1)
Dg = (\/ —1) 2~ Dg.

From (2.11), Dg is a formal self-adjoint first order elliptic differential operator on €2 (M) interchanging Q4 (M, gE).

Definition 2.1. The sub-signature operator Dg . with respect to (E, g™) is the restriction of Dg on Q4 (M, gF).
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If we denote the restriction of Dg on Q4 (M, gE) by bgi, then
D, = Dg.
Recall that E is the subbundle of TM and that we have the orthogonal decomposition (2.1) of TM and the metric g"™. Let PF (resp. PEL) be

the orthogonal projection from TM to E(resp. E*). Let VM be the Levi-Civita connection of g". We will use the same notation for its lift
to Q2 (M). Set

vE = pEvTMpE, (2.13)
VE" = pE yTMpE" (2.14)
Then VE (resp.VEi) is a Euclidean connection on E(resp.EJ-), and we will use the same notation for its lifting on Q (E*)(resp. (EL*)). Let
S be the tensor defined by
VM = vE L vES 4

Then S takes values in skew-adjoint endomorphisms of TM, and interchanges E and El.Let{e;,--- ey} be an oriented (local) orthonormal
base of TM. To specify the role of E, set {f1,- - - , fx} be an oriented (local) orthonormal basis of E. We will use the greek subscripts for the
basis of E. Then by Proposition 1.4 in [24], we have

Proposition 2.2. The following identity holds,
- k(k+1) [, 1 «
Dp= (/D" (EgHA+0) + 32V, ). (2.15)

1

Similar to Lemma 1.1 in [24], we have

Lemma 2.3. For any X € I'(TM), the following identity holds,

VM ") = —4(E.gP) D ESCOfIE(fa). (2.16)
o
Let A™,  AF be the Bochner Laplacians

ATM _ Zn:(ng,z _ V%/z[wei% (2.17)

:
AF =3 (VE - Vige,) (2.18)

i
Let K be the scalar curvature of (M,gTM). Let R™ (resp., RE, REL) be the curvature of V™ (resp., VE, VEL). Let {hy,--- ,h,_k} be an

oriented (local) orthonormal base of E+. Now we can state the following Lichnerowicz type formula for D%. From Theorem 1.1 in [24],
we have

Theorem 2.4. [24] The following identity holds,

- K
Df=—a™+ 2 + % DY (RE(ene)fp fadclecle)e(fa)E(fp)

1<ij<nl<a,B<k

1 1
g 2 X (RE" (s, ), hs)cle)eep)(he)eChy) + LY (a™ — AL f

1<ij<n1<st<n—k o

1 3
+) (2<S<ei>fa>8(fa)V§M — &S(eN Vefo) () + 5 (VfV;M_vg)eja) &fo) + 7 1l SCenfer) ||2)

1 A A Arp A
+ ‘Z# &S(efa)2(S(enf)e(fa)e(fp). (2.19)

3. A LOCAL EQUIVARIANT INDEX THEOREM FOR SUB-SIGNATURE OPERATORS

3.1. A Local Even Dimensional Equivariant Index Theorem for Sub-Signature Operators

Let M be a closed oriented Riemannian manifold of even dimension #n and ¢ an orientation-preserving isometry on M. Then the smooth
map ¢ induces amap ¢ = ¢~ 1* : ATIM — ATy M on the exterior algebra bundle ATYM. Let D be the sub-signature operator. We
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assume that d¢ preserves E and E* and their orientations, then Ge(E, gE) = ¢(E, gE)qg. Then ¢Dg = Dpp. We will compute the equivariant
index

Indy(D}) = Tr(&|kerﬁz) — Tr(q3|kerbb__). (3.1)

We recall the Greiner’s approach to the heat kernel asymptotics as in [19] and [4,5,13]. Define the operator given by
(Qou) (x,5) = fo e Pl — 91t u € To(M x R, AT*M), (32)
maps u continuously to D'(M x R, AT*M)) which is the dual space of I'.(M x R, AT*M)). We have
<D§ + %) Qou = Qo (D@ + %) u=u, u€Tl(MxR,AT*M)). (3.3)

Let (D% + %)_1 be the Volterra inverse of f)fE + 687 as in [5]. That is

—1 —1
Dp+ + 2 Dp+ + 9 I—-R Dp+ + 2 Dp+ + 9y I—R (3.4)
E, &+ 9t E+ 9t = 1> E+ 9t E,+ 9t = 2> B

where Ry, R; are smoothing operators. Let

(Qouw)(x,t) = / Kaqy (%, y, t — s)u(y, s)dyds, (3.5)
MxR
and k;(x, y) is the heat kernel of e~DF We get
Ko, (%, y,t) = k¢(x,y) when t > 0, whent < 0, Kg,(x,y,t) = 0. (3.6)

Then Qo has the Volterra property, i.e., it has a distribution kernel of the form Kq, (x, y, t — s) where Kq, (x, , t) vanishes on the region ¢ < 0.
The parabolic homogeneity of the heat operator D% + %, i.e. the homogeneity with respect to the dilations of R” x R! given by

roE D) =0EAMD, G eR'xRYL A £0. (3.7)
Let p>(x, &) +p1(x, &) +po(x, &) be the symbol of D?, then the symbol of D2 + 2 is /=17 +pa(x, £) +p1 (x, §) -+ po(x, §), it is homogeneous
with respect to (&, 7).

In the following, for g € S(R"*!) and A # 0, we let g be the tempered distribution defined by

(0. 0, uE, D) = 17" (g6, 0, u(71E,2720)), we SR™. (3.8)
Definition 3.1. A distribution g € S(R") is parabolic homogeneous of degree m, m € Z, if for any A # 0, we have g, = A™g.
Let C_ denote the complex halfplane {Imt < 0} with closure C_. Then:
Lemma 3.2. [5] Let q(§,7) € C*((R" x R)/0) be a parabolic homogeneous symbol of degree m such that:

(i) q extends to a continuous function on (R x C_)\O in such way to be holomorphic in the last variable when the latter is restricted to C_.
Then there is a unique g € S(R"1) agreeing with q on R"*1\0 so that:

(ii) g is homogeneous of degree m;

(iii) The inverse Fourier transform g(x, t) vanishes for t < 0.

Let U be an open subset of R”. We define Volterra symbols and Volterra WDOs on U x R"*1\0 as follows.

Definition 3.3. ST/(U x R"™Y), m € Z, consists in smooth functions q(x,&,7) on U x R" x R with an asymptotic expansion q ~ ijo Gm—j»
where:

(i) q1 € C®°(U x [(R" x R)/0] is a homogeneous Volterra symbol of degree 1, i.e. q; is parabolic homogeneous of degree I and satisfies the
property (i) in Lemma 2.3 with respect to the last n + 1 variables;

(ii) The sign ~ means that, for any integer N and any compact K, U, there is a constant Cngagk > 0 such that for x € K and for || + |r|% > 1
we have

L N—I8|—
1920805 = 3 qmp) (6. 6,7 = Cagapr(I€] + |73y NIBI=2%, (3.9)
j<N
Definition 3.4. W{/(U x R), m € Z, consists in continuous operators Qq from CZ°(Uy x Ry) to C*°(Uy x Ry) such that:

(i) Qo has the Volterra property;
(ii)) Qo = q(x, Dx, Dt) + R for some symbol q in S{}(U x R) and some smoothing operator R.
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In what follows, if Qp is a Volterra WDO, we let Kq, (x, ¥, t — s) denote its distribution kernel, so that the distribution Kq, (x, y, ) vanishes
fort < 0.

Definition 3.5. Let q,,(x,£,7) € C®(U x (R"1/0)) be a homogeneous Volterra symbol of order m and let g, € C®(U) ® S'(R"*1) denote
its unique homogeneous extension given by Lemma 2.3. Then:

(i) Gm(x, y,t) is the inverse Fourier transform of gm(x, &, T) in the last n + 1 variables;
(ii) gm (x, Dy, Dy) is the operator with kernel g, (x,y — X, t).

Proposition 3.6. ([5,13]) The following properties hold.

1) Composition. Let Q; € ‘-II?,H (U x R), j = 1,2 have symbol q; and suppose that Q, or Qy is properly supported. Then Q,Qy is a Volterra
WDO of order my + my with symbol q1 o gz ~ > éngngqz.
2) Parametrices. An operator Q is the order m Volterra WDO with the paramatrix P then

QP=1—R;, PQ=1—-R; (3.10)

where Ry, Ry are smoothing operators.

Proposition 3.7. ([5,13]) The differential operator D% + 3 is invertible and its inverse (D% + ;)" is a Volterra WDO of order —2.

We denote by M? the fixed-point set of ¢, and fora = 0,--- ,n, we let M? = UOgaSn MZ), where Mf is an a-dimensional submanifold.

Given a fixed-point xp in a component MZ’, consider some local coordinates x = (x!,- - - ,x*) around xq. Setting b = n — a, we may further
assume that over the range of the domain of the local coordinates there is an orthonormal frame e; (x), - - - , ep(x) of Nf . This defines fiber
coordinates v = (vy,- - - , v). Composing with the map (x,v) € N®(go) — exp, (v) we then get local coordinates xb e x® v, VP for

M near the fixed point x. We shall refer to this type of coordinates as tubular coordinates. Then N? (g9) is homeomorphic with a tubular
neighborhood of M?. Set iygs : M® < M be an inclusion map. Since d¢ preserves E and E*, considering the oriented (local) orthonormal

basis {f1,- - s fes F1s - -+ 5 Bu—k)s set

_ (exp(Ly) 0
d¢X0 - < 0 CXP(L2)> > (311)
where L; € so(k) and L, € so(n — k)
Let
~ RM’ /47 . . 0
ARM ) =detz [ —— L ); vy RY) i= det™2 (1 — ¢Ne 7). 3.12
(RT) = de Snh(RM® /47 Vvp(RT) i=det 2 (1 —¢Te” 27) (3.12)

The aim of this section is to prove the following result.

Theorem 3.8. (Local Equivariant Sub-Signature Index Theorem. Even Dimension)

Let xg € M®, then

5o . E
lim Str [ Ce0) K (x0, 6 (k00 | = (#) 2t {A(RM“’)v¢<RN¢)i;4¢ [det? <cosh (f? - E))

/—1 2
(a,0)
. Bt L
sinh (1317 - 72> RE* L,
x det2 W Pf E - 7 (xo), (313)
4 2
REC I, , REC I,
where Ly € so(k), Ly € so(n — k) and Pt | %— — 3 | denotes the Pfaffian of | 7 — % |
Next we give a detailed proof of Theorem 3.9. Let Q = (D% +3;)" L. Forx € M? and t > 0 set
Io(x,t) == 5()6)71 /N“’ ¢ (exp,v)Kq(exp, v, expx(d)/(x)v),t)dv. (3.14)
x (€)

Here we use a trivialization over A(T*M) about the tubular coordinates. Using the tubular coordinates, we have

Iox, ) = b(x,0) " b (x, V) Ko (x, v; X, ¢’ (x)v; t)dlv. (3.15)

lvl<e
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Let

M (6 58,03 7) = B, 0) T B, Vg 13, 13 7). (3.16)

We mention the following result

Proposition 3.9. [19] Let Q € WV} (M x R, A(T*M)), m € Z. Uniformly on each component Mf

Io(x,t) ~ Z t_(%"'[%]"'l)lg(x) as t — 07, (3.17)
j=0
where Ig(x) is defined by
. Va % \V2
Bw= > f = (agqg[(élﬁgﬂal) (x, 050, (1 — ¢ (x))v; 1)dv. (3.18)

lo|<m—[F1+2j

Similar to Theorem 1.2 in [15] and Section 2 (d) in [8], we have

Stre[dexp(—tD)] = (V1) /M Stre [E(E, g5)ke (x, ¢ (x))] dx

= (/D /M Stre[2(E g°)K 5451 (6 6 (0, D]dx. (3.19)

We will compute the local index in this trivialization. Let (V, g) be a finite dimensional real vector space equipped with a quadratic form.
Let C(V, q) be the associated Clifford algebra, i.e., the associative algebra generated by V with the relations v - w + w - v = —2q(v, w) for
v,w € V.Let{e},- - ,e,} be an orthomormal basis of (V, g), let C(V, q)®C( V, —q) be the grading tensor product of C(V, g) and C(V, —¢q),
and A*V&® A* V be the grading tensor product of A*V and A*V. Define the symbol map:

0 : C(V,)®C(V,—q) = AV A* V; (3.20)
where o (c(ej,) - - - c(e) ®1) = A AR o(1 ®c(e;) - - - Clej)) = 1®&! A--- A&l Using the interior multiplication 1(g) : A*V —
A*71V and the exterior multiplication e(e) : A*V — A*F1V, we define representations of C(V, q) and C(V, —q) on the exterior algebra:

c:C(V,q9) — End AV, ¢j > c(ej) : e(ej) — t(ej)s (3.21)
C:C(V,—q) — End AV, ej > C(gj) = e(e)) + t(ej). (3.22)
The tensor product of these representations yields an isomorphism of superalgebras

c®C:C(V,9)®C(V,—q) — End A V (3.23)
which we will also denote by c. We obtain a supfrtrace (i.e., a linear functional vanishing on supercommutators) on C(V, q)®C( V,—q) by
setting Str(a) = Strgndaavic(a)] for a € C(V, q)®(V, —q), where Strgpqav is the canonical supertrace on EndV.

Lemma3.10. For1 <ij <:--- <ip<m1=<j <+ <j,<n whenp=gq=n,

n(n

Strlc(es) - - c(e;, )e(er,) - -~ &(er, )] = (—1) 22" (3.24)

and otherwise equals zero.

We will also denote the volume element in AV® AVbyw = el A---Ae"Aet A-- A" Fora € AV® AV, let Ta be the coefficient of w. The
n(n+1)

linear functional T : AV® A V — Ris called the Berezin trace. Then foraa € C(V, q)®(V, .q), we have Strg(a) = (=1)" 2 2"(To)(a).
We define the Getzler order as follows:

1 .
degd; = idegat = —deg¥ =1, degc(e)) =1, degi(e)) = 0. (3.25)
Let Q € Wi, (R" x R, A*T*M) have symbol
Ax%ET) ~ Y qr(nE, 1), (3.26)
k<m’

where gy (x, &, ) is an order k symbol. Then taking components in each subspace ANVT*M ® A'T*M of AT*M ® AT*M and using Taylor
expansions at x = 0 give formal expansions
. x¥
olqE 01~ Y olg g 01 ~ 3 o

ok jka

(0% qx(0,&,7)]9). (3.27)
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The symbol Z—ja[aﬁ‘ qx(0, &, )19 is the Getzler homogeneous of k + j — |«|. Therefore, we can expand o[g(x, &, T)] as
olg &, D1~ Y qmp®%ET), G #0, (3.28)
j=0
where q(mm—j) is a Getzler homogeneous symbol of degree m — j.

Definition 3.11. The integer m is called as the Getzler order of Q. The symbol qm) is the principal Getzler homogeneous symbol of Q. The
operator Q(m)y = q(m) (%, Dx, Dy) is called the model operator of Q.

Letey,. .., e, be an oriented orthonormal basis of Tx,M such thatey, - - - , e, span TxOM‘7’ and eg41,- - , e, Span Nfo. This provides us with
normal coordinates (xj, - - - ,x,) —> exp o (x'e;+- - -+x"e,). Moreover using parallel translation enables us to construct a synchronous local

oriented tangent frame e} (x), ..., e,(x) such that e; (x), - - - , e5(x) form an oriented frame of TMf and e;11(x), - - - , e, (x) form an (oriented)
frame N™ (when both frames are restricted to M?). This gives rise to trivializations of the tangent and exterior algebra bundles. Write

¢'(0) = < é ¢ON ) = exp(Ay), (3.29)

where A;; € s0(n).

Let A(n) = A*R” be the exterior algebra of R". We shall use the following gradings on A& A (n),

A& A () = g A ()& Ak (), (3.30)
<ki,ky<a
= llylz <b
where /\kj(n) is the space of forms dx" A - A dx'*T with1 < i < -+ < if < aanda+1 < igy < -+ < ir,; < n.Givena

form w € A(M)Q A (n), denote by wkvi(kab) g component in /\(n)(kljl)@) Alk2h) (n). We denote by || @9(@0) the Berezin integral
w050 @0:(@0) of jts component w00 jn A0 (1),

Let A € CI(V,9)®CI(V, —q), then
~ n 1
Str[$A] = (‘””"(‘Z)%det“ — ¢M)o (4)| (@O0
+(_1)§2n Z |0(5)((0,11),(0,12))U(A)((a,h—ll),(ﬂ,b—lz)) |(Vl,ﬂ)_ (3.31)
0<l<b,0<L<b

In order to calculate Str[aA], we need to consider the representation of |U($)((O’b)’(0’12))a (A) (@0 @b=0))|(n1) 1 et the matrix N equal

Aapy

n
2

&N = N Aay = cos.Q%_H smG%_H A
: 2t —sinflay, costlay,

cosOn sinfx
- 2 2 ). (3.32)

—sinfr  cosfzn
2 2

From Lemma 3.2 in [26], then

Lemma 3.12. We have

s 1\ . .
¢ = (*) ]_[ [(1 4 cos)) — (1 — cost))c(esj—1)c(ez))E(e2j—1)E(e2))

2
j=35+1
+Sil’19j (6(62];1)(3(62]') — 2(82];1)2‘(62]'))] . (3.33)
Then we obtain
n—a n ((0,17),(0,12))
- 1\ z ) . .
U(¢)((0,b),(0,lz)) = (E) o 1_[ [—(1 — cost)c(ezj—1)c(ezj)c(ezj—1)c(ez;) + sinb; (c(ezj_l)c(ezj))]
j=5+1

0.,12)

1\ 7 "
— <,) ATUA A 1_[ [—(1 — cost)C(ezj—1)c(ezy) + sinGj]
j=5+1
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0,)

- 6; 0; 0;

Ao 2sin2 | cos=L — sin—2&(ezi_1)e(en;

1_[ 2[ 5 5 Cleaj-1)e(er))

j=5+1

0,12)

1 1
onedetz(1— Mo |exp | == Ajic(e;)c(e;

A —¢Mo |exp| =1 > Ageleni(e)

1<ij<n

1 N 1 ~ ~
o Aedetz (1 —¢M)o | exp 2 Z (Ly)gefe(s)
1<ij<k
0,)

1 Al NA
=1 2 EkikreCh)eChy)

1<ij<n—k

Next we calculate |o(A)|(@0-@b=1)) In the following, we shall use the following “curvature forms”: R’

(Ratia+j)1<ij<b- Let

and

By (2.19),let F = 13129, we get
Proposition 3.13. The model operator of F is

n

1
R=2 )0 RYafp)efa)ilfy),

1<a,8<k

3 (RE ho h)ehoehy);

1<s,t<n—k

. 1
R=-
4

k=1 3 (R~ Lfefs)eGiGy),
1<a,B<k

= 1

k=< 1<tz<fk<(REL = Ly)hs, hy)e(ho)e(hy).

2

(Riph<ij<a> R”

1 o 1 o
Foy=-)Y_ b+ > (R™(ei, e eryie A el +3 Do (REenefp.fude A E(f)(fp)

r=1 1<ijl<n

EDID I

1<ij<n1<st<n—k

1<ij<n1<a,B<k

(eir)hs, hy)e' A &E(hy)e(hy).

From the representation of F(), we get the model operator of % + Dis % + F(2). And we have

Similar to Lemma 2.9 in [19], we get

0
(g + F(2)> KQ(fz) (x,y,t) = 0.

Lemma 3.14. Let Q € W(=D(R" x R, A(T*M)) be a parametrix for (Fp) + 3;) L. Then
(1) Q has Getzler order -2 and its model operator is (F) + 9, L.

(2) Forallt > 0,

(VD 2B g 5y 11 (0.1) = (VD)3 2(E, &)

Similar to Lemma 3.6 in [22]. we have

Lemma 3.15. Q € V{;(R" x R, A(T*M)) has

j—m—a—1
2

(1) o[Ig(0, ]9 = O(t
(2) 5 11o(0,H]% = o(t™"=

®
2

sinh (%)

dmt)”2
(177) L dets
detz (1 — ¢N)

the Getzler order m and model operator Q). Then ast — 07

), if m — j is odd.
Yo (0,9 + 0t

a
), if m — j is even.

(3.34)

(3.35)

(3.36)

det (1= g"eexp (1R + ). 337)
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In particular, for m = —2 and j = a and a is even we get

olIq(0, ] (@M@ = 1oy (0, 1)@ @b-E) 1 O(r2), (3.38)

With all these preparations, we are going to prove the local even dimensional equivariant index theorem for sub-signature operators.
Substituting (3.34), (3.37) into (3.31), we obtain

lim Stre [ $(x0) (V=) SE(E, 5 r- 5y 1 (30, 1) |

— (—ni2 (%) )t /oDE

k
! orls ok 1 RE L
= <«/7—T> 22 {A(RM¢)V¢(RN¢)1M¢ |:det2 (cosh (E _ 71))

(a,0)

~ 7 = 71(@0).n)
A(RM¢)U¢(RN¢)G [?:(ﬁ) . ?:(fk)exp(R + R)]‘

Ly

. EL
1 sinh <117 — 7) REL L,
X det2| — 2 | Pf| — — = (x0). (3.39)

RE* L 4r 2

4 2

Where we have used the algebraic result of Proposition 3.13 in [6], and the Berezin integral in the right hand side of (3.39) is the application
of the following lemma.

Lemma 3.16. Let L, € so(k),L, € so(n — k), we have

‘G [E(fl) T E(I[k)eXP(li + li)] ‘(n) = (—l)nTikdet% (cosh (RE ; L

EL
Pf (R LZ) . (3.40)

Proof. In order to compute this differential form, we make use of the Chern root algorithm (see [22]). Assume that n = dimM and k = dimE
are both even integers. Asin [7],let L; € so(k), L, € so(n — k), we write

0 —91 O —é]
A 0
(o 7) ° G o)

RE_L, = JRE I, = . (3.41)

(e}
—
nY
| o
[STEd
|
S
[S1E
S——"
(e}
S
D>
=
N\‘ =
bl
|
o &
L
S~———"

Then we obtain

1 1
T 2 (R - LOffpltf0ef) = 5 Y (RE = L)fafp)elf)e(fp)
1<a,B<k 1<a<pB=<k
1
=5 D Oilhi-)eh); (3.42)
1<j<k
1 1 1 1
1 2 (RE —Lhoh)ehith) = - 30 (R = Lok h)e(h)E(h)
1<st<n—k 1<s<t<n—k
1 ~
=5 2 Ot )i, (3.43)
1515“7"‘

Then the left hand side of (3.40) is
R ~ 7 ] (n)
‘CT (c(fl) - C(fexp(R + R))’
(n)

1 1A
=|o | ¢(fi)---E(fe) ]_[ exp (EGjE(fzj—l)e(ij)) exp (5913(’72171)3(}121))

_k —k
1<j<5 I<i<E
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(n)
\ \ 0 b o 0, )
=lo | c(f)---e(fi) 1_[ [coszj—smzjc(fzj,l)c(fzj)] | k|:coszl—sm21c(h21l)c(hzl):|
1<i<=

_k
15j=3

. 6; 6
(—I)Tk coszj 1_[ sinzl. (3.44)

.k —k
1<j<3 1<l<’5=

Now we consider the right hand side of (3.40),

2p
0 0
(R =11)" = (=P : (3.45)
2
. 95’ 0
0o oF
2
Then
k k LN V=15 k
RE-1L 26\ (—1)P 2 V=1 Zre T ode T & 6
det% cosh ! = 1_[ Z 2z St = l_[cosh EA- ¢ te = cos—2. (3.46)
2 , 2 (2p)! , 2 . 2 : 2
j=1 \p=0 j=1 j=1 =1
Similarly, we have
L
sinh <L ;LZ) nk g
det% _ | = 1—[ g (3.47)
(RE" — L5)/2 el
=2
On the other hand,
n—k
RE — Ly RE — Ly t éj 2j—1 2j o éJ
Pf <2) =T (exp (Z(Zhs,ht)hs ANh =T |exp Eh] AN = 1_[ 5 (3.48)
s<t lﬁjfnT_k j=1
Combining these equations, the proof of lemma 3.17 is complete. O

To summarize, we have proved Theorem 3.9.

3.2. The Local Odd Dimensional Equivariant Index Theorem for Sub-Signature Operators

In this section, we give a proof of a local odd dimensional equivariant index theorem for sub-signature operators. Let M be an odd
dimensional oriented closed Riemannian manifold. Using (2.19) in Section 2, we may define the sub-signature operators Dg. Let y be an
orientation reversing involution isometric acting on M. Let dy preserve E, E* and preserve the orientation of E, then 7 7 (E, gF) = #(E, gF)7,
where 7 is the lift on the exterior algebra bundle AT*M of dy. There exists a self-adjoint lift ¥ : T'(M; A(T*M)) — T'(M; A(T*M)) of dy
satisfying
7> =1; Dgy = —¥Dp. (3.49)

Now the +1 and —1 eigenspaces of ¥ give a splitting

I'(M; A(T*M)) = T (M; A(T* M))DT ™ (M; A(T*M))) (3.50)
then the sub-signature operator interchanges I'"(M; A(T*M)) and T'~(M; A(T*M)), and &(E,gF) preserves I'H(M; A(T*M)) and
'~ (M; A(T*M)).

Denotes by 1~)§ the restriction of Dg to I'T (M, A(T*M)). We assume dimE = k is even, then (Dg)&(E, g%) = ¢(E, g%)(Dg) and &(E, gF) is a
linear map from kerf);;E to kerlNDjJ;E.

The purpose of this section is to compute

indz g g8y [(DF)] = Tr@(E g0 leripy) — TrE(E &) lerit)- (3.51)
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By the Mckean-Singer formula, we have

inds s g0, (D) = fM (VD T PE(E, gE)ki (x, v ()l

k ~A
= / (V=D 2Tt[7e(E ) K p1g,)-1 (%, ¥ (x), D]dx. (3.52)
M
Let
0 -0
0 =6 0 (é 01> 0
6, 0 !
RE_L, = JRES I, = - . . (3.53)
0 _0 ( 0 —an1>
0 - 0 j ’
(9_)2( 0 ) 9n*72<*1 0
0
and
n—k—1
REL —L, 2 ).
Pfl—=) = ey 3.54
( 5 ) ]]1 ) (3.54)

Similar to Theorem 3.9, we get the main Theorem in this section.

Theorem 3.17. (Local odd dimensional equivariant index Theorem for sub-signature operators)

Let xo € M, then

kg B
- N 1 2 n |~ " 1 R L
lim Tr [7 (x0)E(E, ") (-a-1 (%0, D)] = = (ﬁ) 22 {A(RMV)V¢(RNy)zMy [detz <cosh (E - %))

(a,0)

. RES L
1 sinh o 72> RE* L
det2| ——— % | Pf| — — = . 3.55
x de L o 5 (x0) (3.55)
4w 2
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1. INTRODUCTION

In this paper, we consider the following fifth order Camassa-Holm (FOCH) model [29]:
my + umy + buym = 0, t>0,xelR, (1.1)
m=(1—-a?32)(1 - p?3Hu,t>0,xeR, :
where b € Risa constant, «, B € R are two parameters, « # B, ¢ # 0. Without loss of generality, we only consider the case > 0, 8 > 0.
When o < 0, 8 < 0, one can get the similar results by using the corresponding absolute values || and || instead of «, 8.

In what follows, we present some mathematical results related to the topic of this paper. Liu and Qiao [29] obtained some interesting solutions
including explicit single pseudo-peakons, two-peakon, and N-peakon solutions. Detailed dynamical interactions for two-pseudo-peakons
and three-pseudo-peakons were also investigated in their paper with numerical simulations. There have been extensive studies on high order
Camassa-Holm type equations in the mathematics physics fields [5,16,17,20,22,31,38-41]. For the case « = 8 = 1, on the circle, McLachlan
and Zhang [31] established the local well-posedness of the solution in H* with s > %, it was shown that system (1.1) witha = 8 = 1 does’t
admit finite time blow-up solutions. Tang and Liu [38] proved that the Cauchy problem for this equation is locally well-posed in the critical
Besov space B;)/lz orB, (1 <p,r <+4ooands > max{3 + ‘%, %}). The peakon-like solution and ill-posedness was also studied in [38]. For
the case b = 2, m = u — Uyx + Usxxx, Dy using the Kato's theory, the local well-posedness [39] was studied in the Sobolev space H® with
s> %. Ding [16,17] investigated the stationary solution, generality mild traveling solutions and conservative solution. Coclite, Holden and
Karlsen [5] established the existence of global weak solutions. They also presented some invariant spaces under the action of the equation.
In [20], the infinite propagation speed was considered for the case m = 4u — 5uyy + txyxx. They also proved asymptotic behavior of the

solution under the condition that the initial data decays exponentially and algebraically.

When 8 = 0 (or @ = 0), it means m = u — a*uy,. The Camassa-Holm equation, the Degasperis-Procesi equation, and the Holm-Staley
b-family equations are the special cases of equation (1.1) with b = 2, b = 3 and b € R, respectively. These equations arise at various levels

*Corresponding author. Email: zhijun.qiao@utrgv.edu
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of approximation in shallow water theory, and possess a physics background with shallow water propagation, the bi-Hamiltonian structure,
Lax pair, and explicit solutions including classical soliton, cuspon, and peakon solutions.

In 1993, Camassa and Holm [3] derived an integrable shallow water equation with peaked solitons, which was called the Camassa-Holm
equation. In 1999, Degasperis and Procesi [15] extended the Camassa-Holm equation to a new water wave equation (Degasperis-Procesi
equation). Both Camassa-Holm equation and Degasperis-Procesi equation have attracted much attention. They are completely integrable
[11,12,14,35]. Infinitely many conservation laws have been shown in [14,27,37]. For the Camassa-Holm equation, in [9,28], They proved
the local well-posedness for the initial datum in H* with s > 3/2. There were many works to study the blow-up phenomenon, such as
[8-10,24,28,32]. McKean [32] (See also [24] for a simple proof) proved that if and only if some portion of the positive part of yo = 1y — gy
lies to the left of some portion of its negative part, then the Camassa-Holm equation blow-up in finite time. The hierarchy properties, related
finite-dimensional constrained flows, and algebro-geometric solutions of the Camassa-Holm equation were proposed in [34]. In [1], they
studied the global conservative solution for the Camassa-Holm equation. Global dissipative solution have been shown in [2]. Constantin and
Strauss [13] studied the orbital stability of the peakons. Himonas and his collaborators [21] obtained the persistence properties and unique
continuation of solutions of the Camassa-Holm equation. In [25], the authors deduced the limit of the support of momentum density as ¢
goes to +o0. In [4,6,7,23,26,30,33,35,36,42], they have investigated some mathematical properties for the Degasperis-Procesi equation. For
the Holm-Staley b-family equation, mathematical studies have also been presented in [18,19,43].

The paper is organized as follows. In Section 2, we establish the local well-posedness and blow up scenario for the FOCH model. Conditions
for global existence are found in Section 3. In Section 4, we establish the property of the infinite propagation speed for the FOCH model. In
Section 5, we discuss the long time behavior for the support of momentum density of the FOCH model.

2. LOCAL WELL-POSEDNESS AND BLOW UP SCENARIO

Similar to the Camassa-Holm equation [9], we can establish the following local well-posedness theorem for the FOCH model (1.1).

Theorem 2.1. Let uy € H°(R) with s > % Then there exist a T > 0 depending on ||ug || ms, such that the FOCH model (1.1) has a unique
solution

u € C([0, T H'(R)) N C'([0, T); ™ (R)).
Morever, the map ug € H® — u € C([0, T); H*(R)) N CL([0, T); H*~1(R)) is continuous.

The proof is similar to that of Theorem 2.1 in [9,39]. To make the paper concise, we would like to omit the detail proof here. The maximum
value of T in Theorem 2.1 is called the lifespan of the solution, in general. If T < oo, that is

lim fJuflgs = oo,
t—>T-
we say the solution blows up in finite time.

Before going to the blow up scenario, we have the following Lemma.

Lemma2.2. Asm = (1 — a?32)(1 — B232)u, then

O[2 2

p= o2 _ﬂzpl ) _ﬂzp2’

u=pxm,

_ I« x|

where p; = ie w,py = ﬁeif,a #B,a>08>0.

Proof. Taking fourier transform tom = (1 — 0528)%)(1 — ﬁzaf)u, we have
= (1+ a1+ 7€)
Notice that when f(x) = e, a > 0 then
A 2a
f&) = m~
It follows that
1

o L
W) = g Ty MO =R RE) e,

|x| 1 Ix|

where p; = %6_7,‘1)2 = 35¢ * . Then,

u(x) = F L (B1(E) - p2(8) - (E)) = p1 * pa x m(x).
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Let p = p; * py, we have

1 e b
p(x) raﬂfRe « e Pdy
_lx _
=2<o¢2 B2) [“e e ﬁ]

Ol2 2

@ " @ - =

By Lemma 2.2, we can rewrite u(x, t) as
O[2 /32
@ - @t

[o4 _x [T s 2 [T e
:m[e a/iooeam(f,t)déj—l—ea/); e am(i;’,t)d‘;]

B _x [* & x [T ¢
2(a2 55 |:e ﬁ/_weﬁm(é,t)dé—l-eﬁ/x e 5m(z§,t)d$}. (2.1)

Differentiating u with respect to x, we have

u =

1 x [F & x [T ¢
Uy = m |:—€ @ /_ooearn(é,t)dé?—i-eafx e “m(%"t)dé:]
! [—% / " chmee, nde — oF / e t)ds}
2(0[2 ﬂz) —00 ’ X ) .

Then, we present the precise blow-up scenario.

Theorem 2.3. Assume that uy € H*(R) and let T be the maximal existence time of the solution u(x, t) to equation (1.1), ¢ # B, ¢ > 0, > 0
with the initial data uy(x).
(1).Ifb > %, then the corresponding solution of the FOCH model (1.1) blows up in finite time if and only if

lim inf D)} = —o0.
fim a0} = o0

(2). Ifb < 1, then the corresponding solution of the FOCH model (1.1) blows up in finite time if and only if

lim supf{uy(x, t)} = +o00.
t%Txe]R

Proof. By direct calculation, we have
Iml2, = / [ — (@2 + Bt + 02 e el
R
= Auz + (az + ,32)214 2(05 + .B Yty + o 54uxxxx + 2a2,82“uxxxx - 2(052 + ﬁz)azﬂzuxxuxxxxdx

= / W4 (@ + A, + 2% + Bt + ot Bl 4 202 B2ud, 4 2(a? + P’ Bl dx.
R
Hence
cllull?s < lImll2, < Cllull

where ¢ and C are positive constants depending on o and 8. If b > l, direct calculation we have

’ mldx = (1 — Zb)f uym?dx < (1 — 2b) 1nf{ux(x, t)}/ dx.

If
inf {uy(x,0)} > —M,
xeR

i/ m2dx < —(1 —2b)M/ m2dx
dt Jr R

then
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By using the Gronwall inequality,
Imilf. = / mldx < e” 17N / migdx = ¢ 20M g | 7.,
R R
Therefore the H*-norm of the solution is bounded on [0, T).

On the other hand,
Ol2 2
U= —F——-p1*m— m

(a2 — %)
Ol2 ,82
= W/RPI(X—E)W(EWE - mv/sz(x—S)m(S)d%‘-

p2xm

By the Sobolev’s embedding ||ux]lco < ||lu]l g, it tells us if H*-norm of the solution is bounded, then the L>®-norm of the first derivative is

bounded. B

By the same argument, we can get the similar result for b < % So, we omit the details and complete the proof of Theorem 2.3. O

3. GLOBAL EXISTENCE

In this section, we study the global existence. Before going to our main results, we give the particle trajectory as

{qt:u(q,t), 0<t<T,xeR,

q(x,0)=x, xeR, (3.1)
where T is the lifespan of the solution. Taking derivative (3.1) with respect to x, we obtain

dqt

G I = ux(q, ) qx, te (0, 7).
X

Therefore

Gx = exp{fot ux(g,9)ds}, 0<t<T, xeR,
4x(x,0) =1, xeR,

which is always positive before the blow-up time. Therefore, the function g(x, t) is an increasing diffeomorphism of the line before blow-up.
In fact, direct calculation yields

d
- m(@)a)) = [mi(@) + u(q, Yma(g) + bug(q, Ym(@)]g; = 0.
Hence, we have the following identity
m(q)qi = mo(x), 0<t<T,xeR. (3.2)

Theorem 3.1. Assume that up € H*(R), @ # B, > 0, 8 > 0, ifb= % or b = 2, then the corresponding solution of FOCH model (1.1) will
exist globally in time.

Remark 3.1. Ifa = 0 or B = 0, system (1.1) reduce to the well-known b-family equation. The global existence for b = % and Theorem 3.2 can
be reduce to the results for b-family equation [18]. The global existence for b = 2 is the new discovery compared to the b-family equation.

Proof. Let
E(t) = /Ruz +@?+ ﬂz)ui + azﬂzufmdx.
Differentiating E(f), we have
d
EE(t) = /Rzuut + 2(052 + lgz)uxuxt + Zazﬂzuxxuxxtdx

= / 2uuy — 2(052 + ﬂz)”uxxt + 2a2ﬂ2u”xxxxtdx
R

= 2/ umedx
R

=(b— 2)/ wm,dx.
R
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It yields that E(t) = E(0) when b = 2. By the Sobolev’s imbedding, we have
luxllze < llullzn < CE(t) = CE(0).
The global existence for b = 2 is completed by Theorem 2.3. Applying m on (1.1) and integration by parts, we obtain

— | mPdx = —2/ bu,m® + mmyudx
dt Jr

= —2/ buym? — uxdx

= (1—2b)/ uym?dx
R

2 2 2
lulZ < llmll> = lmollZ.

Ifb = %, then % Jr m2dx = 0. Hence,

It follows that the corresponding solution of FOCH model (1.1) exists globally when b = % O

Theorem 3.2. Supposing that ug € HY, o # B, o > 0, B > 0, mg = (1 — a?32)(1 — B232)ug does not change sign. Then the corresponding
solution to (1.1) exists globally.

Proof. We can assume that mg > 0. It is sufficient to prove u, is bounded for all ¢. In fact,
1 . “+0oo £ . X £
= —— |ea —a JOdE —e @ & ,0)d
e 2(a2—ﬂ2)|:e / e Em(E, Dt — e [mem(s>s}

1 _x [* & x [T _¢
+m [6 ﬂ[meﬁM(S,t)dé—eﬂ[c e ﬂm(g,t)ds}.

If my > 0, > B > 0, then

1 x +00 & . x ¢
Ux = 2(0[2 ’32) |:e°f/x e am(§, )ds —e ‘[weam(s,t)dg]

1 _x [* & x [t ¢
2(a2 57 [e B [weﬂm(g,t)dé—eﬂ/x e ﬂm(é,t)dg]
1 [« [ _& _x [T &
= 22— B _e“/x e am(§,t)dé +e P /_weﬂm(s,t)dé]
1 -
< -
T 2@r-pH L

1
< 555 | fR m(e, td + A m(s,t)ds]

= m/ﬂgmo(f,t)dé

it /oom(s,t)déJre*%e% /x m(é,t)dé]

and
1 [ [ _& s [Tk
ux:m _eoc/x e em(E, )dE — e aﬁmeam(é,t)dé}
1 _x [* & x [T _¢
+m [e ﬂ[ eﬁm(g,t)dS—eﬂ/x e ﬂm(é,t)dé]
S __e—é fx ewm(E tde — ef /.Jrooe_f’m(é,t)dé]
— 2(0{2 52) _ x
> — ﬁz)fm@ nd
= —m/Rmo(E,t)ds.
That is

ial < ———— | mo(e yde.
o — P /R
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Ifmy > 0,0 <« < B, then
1
22 -8 |

1 _x (% ¢ x [T ¢
2(0[2 ﬂ2)|: /_ eﬂm(é)t)ds_eﬁ/‘ e ﬁm(f},t)dg]

Uy =

o
Q=
—

Ooe_gm(g,t)dé —e @ /x egm(é,t)dé]

[\
=%

< ! T d B o _% d
- 2(0[2 82 __e / exm(§,t)ds —e f e Pm(§,1t) §i|

—00 x
1

< 2(ot2 5 _—e_§e§ /x m(g,t)d“;‘—e%{% /Oom(g,t)dg]

—00 X

RIx

1
287 —a?) _fR m(§, t)d& +Am(§,t)d§]

1
= W/Rm()(g’t)ds

and
1 x © _ & _x [* &
Uy = 2(a2 55 [ea/x e am(E, t)dE — e a/iooeam(é,t)dé]
1 _x [* & x [T _¢
2(a2 5 [e ﬂ/;ooeﬂm(é,t)dé—eﬁ/x e ﬂm(é,t)dé]
> ﬁ[egfx efgm(é,t)d“g‘—i-e_% /_we%m(é,t)dé]
> [ mnds
B*—a?) Jr
1
= _W/Rm()(é,t)dé.
That is

1
il = s [ mote. .

When my < 0, via the similar approach that is used above, we could also obtain the global existence result. So, we omit the details and
complete the proof of Theorem 3.2. O

4. INFINITE PROPAGATION SPEED

The main theorem reads as follows:

Theorem 4.1. Assume that the initial datum uy(x) € H*(R) is compactly supported in [a, c], then for t € (0, T), the corresponding solution
u(x, t) to the FOCH model (1.1) a # B, a > 0, B > 0 has the following property:

o *g B ,3
u(x’ l’) _ {2(0[2 Y2 e El(t) 2(a? 52)6 EZ(t) asx > q(C, t);

@ aF (1) — eP Fy (1), asx < q(a, t),

_ B
2(e2—p%)
where

El(t)=fe§m(x,t)dx, Fl(t)=/e_§m(x,t)dx,
R R

and

Ez(t)=/e%m(x,t)dx, F (1) =/e_%m(x,t)dx,
R R

denote continuous nonvanishing functions.

2
Furthermore, ifa > 0,0 < 8 < a 0 <b <min{3— 072’ 3} E, (t) is strictly increasing function, while Fy (t) is strictly decreasing function.

Similarly, if B > 0,0 < o < \/gﬂ, 0 <b<min{3 — Zgz , 3} E,(t) is strictly increasing function, while F,(t) is strictly decreasing function.
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Remark 4.1. Theorem 4.1 implies that the strong solution u(x,t) doesn’t have compact x-support for any t > 0 in its lifespan, although the
corresponding ug(x) is compactly supported.

Proof. Since ug(x) has a compact support in the interval [a, c], so does my(x) = (1 — aza,%)(l - ﬂzaf)uo(x). Equation (3.2) tells us that
mx) = (1 — a23§)(1 — ﬂ28§)u(x) is compactly supported in the interval [g(a, t), q(c, t)] in its lifespan. Hence the following functions are
well-defined

El(t)=/e§m(x,t)dx, Fl(t)=/e_§m(x,t)dx,
R R

Ez(t):/e%m(x,t)dx, F)(t) :/e_%m(x,t)dx.
R R

Using (3.2),

m(q(x,t),t) =0, x<a or x>¢
we know
2 132
Heet) = (( T @ 2—ﬂ2>‘”2> B
T )[ el - 5o )/ 7 mede

T Y / " e
2(0{2—,8) q(a,t) mi :82) qa,t) ¢ " -

Then, for x > g(c, t), we have

o q(c,t) o ﬂ q(ct) xk
un ) = 5 /q e e — 5 /q e m(e)de

(a,t) (a,t)
o x q(c:t) £ :3 x q(c.t) £
= 2(a2 — /32)6 ¢ /;(a,t) exm(§)dE — 2002 — /32)6 P /;(a,t) efPm(&)dé
o _x ﬂ
= o« By (t E t). 4.1
et g B0~ st RO 1)

Similarly, when x < g(a, t), we have

o q(c,t) . 13 q(c,t) x—
= — o - B
u(o1) 2(a? — B2) /q(a,t) e w mE)d 2(a? — B2) /q(u,t) e 7 mE)a
o x q(ct) & B P (G
T 22— ﬂZ)ea L(a,t) e am(§)ds — 2a? = '82)85 /q(a,t) e Pm(§)d§
B

= M;xﬁegfrl(t) — WC%FZ(O (42)

On the other hand,

dE (1)

o fR ok my (&, D) de.

It is easy to get

my = —my, — bmiuy
= [(052 + ﬁz)uxxx - azﬂzuxxxxx — uyx]u — blu — (052 + ﬁz)uxx + O‘Z,Bzuxxxx]ux
= (052 + lgz)uxxxu - azlgzuxxxxx” — (b4 Duuy, + b(az + lgz)uxxux - bazlgzuxxxxu» (4.3)
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Taking (4.3) into %, we obtain

b (1) —/eﬁm dx
ar R !

= / eg [(0‘2 + ﬂz)uxxxu - azﬂzuxxxxxu — (b+ Duuy + b(az + :Bz)uxxux - hazlgzuxxxxux] dx
R
= (a® + ;‘32)/ eguxxxudx - a2ﬂ2/ eguxxxxxudx — b+ 1)/ e Uty dx
R R R
+b(a? +ﬂ2)/ eéuxxuxdx— baz,BZ/ eguxxxxuxdx
R R

5
= Z I, (4.4)
i=1

I1-I5s can be estimated as follows:

I = (¢? +ﬂ2)/ eguxxxudx
R
2 2 . 3(a 2 .
=2 +3ﬂ /eauzdx—l—M/ eiuﬁdx, (4.5)
2 R 2a R
L= _azﬂZ/ eéuxxxxxudx
R
2 x 542 x 5ap8? x
= '8—3 eauzdx—i/ ew uldx + op /eﬁuixdx, (4.6)
20° Jr 20 Jr 2 Jr
L=—0b+ 1)/ eguuxdx
R
b+1 x
= 21 e uldx, (4.7)
200 Jr
Iy = b(a? +/32)/ eguxxuxdx
R
b(a? 2 x
= LG ) )fe&uidx, (4.8)
2a R
Is = —bazﬂzf eguxxxxuxdx
R
bB? x 3bap? x
= i/ e uldx — op /eaufcxdx. (4.9)
20 R 2 R
Combining (4.5)-(4.9) to (4.4), we have
dE, (t x
1) = / e« mydx
dt R
x b—3)a? + 282 x 5 — 3b)a? x
= — [ exuldx— w/ eauidx+ﬂ/ ew il dx. (4.10)
20 Jr 200 R 2 R

2
Fora > 0,0 < 8 < \/goz, 0 < b <min{3 — Zaiz, %}, from (4.10), E; (¢) is strictly increasing for nontrivial solution.

Similary,
dF(t) / _x
= | e ampdx
dt R
b x b—3)a? +2p2 x 5 — 3b)ap? x
=—— | e auldx+ w[ e_Euidx— ﬂ/‘ e_Euixdx. (4.11)
2a R 2a R 2 R
Fora > 0,0 < B8 < \/ga, 0 <b<min{3 — Zaizz, %}, from (4.11), F; (t) is strictly decreasing for nontrivial solution.

dEx (1) =fe%mtdx
R

dt

b x b—3)B2+2a [ = 5-3b)Ba [ =

= —/ eﬂuzdx—w/ eﬂuidx—i-ﬂ/ ef 12 dx. (4.12)
26 Jr 2B R 2 R
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Forf >0,0 <a < \/g B,0 < b < min{3 — 202 21 from (4.12), E5(¢) is strictly increasing for nontrivial solution.

BTo3h
dF,(t
0211‘() /Re Bmydx
b _x b—3)B82 + 202 _x 5—3b 2 _x
:——/e ﬁuzdx—i-w/e ﬂuidx—ﬁfe Bl dx. (4.13)
28 Jr 2p R 2 R

For > 0,0 <a < \/>ﬂ 0 <b <min{3 — /32 , 3} from (4.13), F(¢) is strictly decreasing for nontrivial solution.
This complete the proof of Theorem 4.1. O
Remark 4.2. Let

) = [2((1 etd “aEy(f), asx> q(c, 1), Wt — {Z(aﬂﬂ )e ﬂEz(t) asx > q(c, 1),

5 eaFl(t) asx < q(a,t), eﬁ F (1), asx < q(a, t),

B
2(a?—p?) 2(e?—p?)

We rewrite u = u' — u”, as consequences of (4.1) and (4.2), we have

W () = —aul(x, ) = o?ul, (6 1) = (%ﬂz)e*%a(t), asx > q(c 1),

U (1) = aul(x,t) = @?ul (x,t) = e — _eaFy(b), asx < q(a, t).
and

U (x,t) = —Bul(x,t) = BHul (x,t) = @ 2'3 52) Ez(t), asx > q(c, t),

U (x,t) = Bull(x,t) = AUl (x,t) = w%ﬁ)eﬁ Fa (1), asx < q(a,t).

Theorem 4.2. Suppose the initial value uy(x) € H*R), my = (1 — a23§)(1 — ,3233)%, a > B > 0, mg doesn’t change sign on R and ug has
compact support in the interval [a, c]. Then for t € (0, T), the corresponding solution u(x, t) of equation (1.1) satisfies

e« |E (D) < ulx, e @ |E (D)), asx > qc D),

1 o
P < t) 5 -
2+ B) 2(a? — %)

x o
o |Fi(t)] < ) < —
HRD] < (D) < 5o

B e§|F1(t)|, asx < q(a,t).

v
2(a + B)

where
E1<t>=/Re§m(s,t>ds, Fl(o:/l;e*%m(s,t)ds,

denote continuous nonvanishing functions.

Remark 4.3. We assume o > f > 0 to get the above conclusion in Theorem 4.2, because the position of a, B is symmetric, then 8 > a > 0,

£ 3
we have results similar to the above conclusions about E,(t) = fR ePm(&, t)dE, Fo(t) = fR e Pm(E,t)dE,

e B < u D < z(ﬁ%e FIEOL asx > qlcD,

1 x B x
TRyt <ux,t<7eﬂFt, asx < q(a,t).
s POl U < 5t I 9(a, 1)
Theorem 4.2 can be seem as a generalization of the result in [20]. Comparing with Theorem 4.1, it show more detailed estimation by adding the
additional condition on my.

1
2(ax + B)

Proof. 1f up has a compact support set [a, c], then the corresponding myg also has a corresponding compact support set [a, c]. It is known
from (3.2) that m has the same compact support set [q(a, t), q(c, t)]. We define

é ) o _\x;a _ 1 _\x;s\
<1 - a) 202 — B2) /Re mhE = P /Re s

2= 2(a2a‘_ 82) /Rei = . (4.14)

Ui
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According to Ey (t) = [ egm(é,t)dé,Fl(t) = Jr efgm(%‘,t)dé,then

1 X X
up(x,t) = ————e @ Ei(f), u(x, t) e «Ei(t), asx>q(ct),

o
2(x+B) C 2(a?—B?)
1 x o x
uy(x, t) = meaﬂ(t), uy(x,t) = meaﬂ(t), asx < q(a,t).
According to (4.1) and (4.14), we obtain

uy(x,t) — u(x, t) = ,82) /

U, 1) — uy (x, £) = ,32)/< ‘X?‘)md;&.

{ul(x, 1) < ux, t) < ux(x,t), mo > 0,

ur(x,t) < u(x,t) < ui(xt), mg < 0.

mdé

Then, we obtain

If my > 0,

e aEl(t) <u(xt) < M%ﬂz)fﬂfl(f% asx > q(c, 1),

ea F1(t) < u(xt) < z(azoiﬂz)eﬁFl(t), asx < q(a,t).

2(O¢+ﬁ)
2(a+ﬂ)
If my <0,

s e @ By () < u(x,t) < e wEi(t), asx> q(c 1),

z(az }32
/32 ex Fi(H) < u(x,t) <

1
2(a+ﬂ)
eaFl(t) asx < q(a,t).

22 2(a+f3)

The proof of Theorem 4.2 is finished.

5. LONG TIME BEHAVIOR FOR THE SUPPORT OF MOMENTUM DENSITY

(4.15)

(4.16)

After the global existence of solution is established, we will discuss the long time behavior for the support of momentum density of the FOCH

model. Now, we give the lemma and main theorem as follows:

Lemma 5.1. Leta > B > 0, Assume the initial value ug % 0 has a compact supported set [a, c].

(1). If mo(x) > 0(£ 0), x € [a, c], then we have
lim Fi(¢t) =0.
t——+00

(2). If mo(x) < 0(z£ 0), x € [a, c], then we have
lim E;(t) =0.
t——400

Remark 5.1. By the same argument, we can get a similar conclusion for 8 > a > 0. If mp(x) > 0(z 0), x € [a, c], then we have

lim F,(t) = 0.

t——400
If mo(x) < 0(z 0), x € [a, c], then we have
t—1>15-noo Ex(H) =0.

Proof. (1) For my(x) > 0, from (3.2), we have E; (¢) > 0, F1(¢) > 0, Ex(t) > 0, F5(t) > 0, for all t > 0. As F;(¢) > 0, we claim that
i R0 =0

Otherwise, there is a constant €y > 0, for any T' > 0, there will exist a t > T, such that F; () > .

For any d < a, from (4.15) we have

d 1 (b
—q(d,t) = d,t),t) > ———e « Fi(t
dt‘i( ) = u(q(d, 1),t) > 2(a+ﬂ)e 1(®)
1 q(d,)
€0.
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It follows that

Rl

_ gy €0 e
o

<——t .
¢ - 2a(a+pB) + o

d
Taking T = 2(“672'@6’&, however, whent =T + 1,

R T
2a(a + B)

This is the contradiction. So our claim is right.

(2). For my(x) < 0, from (3.2), we have E1(t) < 0, F1(t) < 0, Ex(t) < 0, F5(t) < 0,forall t > 0. As F;(t) > 0, we claim that

lim E;(t) =0.
t——+00

Otherwise, there is a constant €y > 0, for any T > 0, for any T > 0, there will exist a t > T, such that E; (f) < —¢g.

For any h > c, from (4.16) we have

d 1 _qhn)
aq(h, 1) = u(q(h,t),t) < m(z « Ei(t)
€0 _qhb)
2@+ p)
It follows that
q(ht) €0 e‘g

Taking T = 2(a€7—0+/3)e—§) however, when t = T + 1,

|
DIEN

€0

e
- t4+ — <0,
200(a + B)

This is the contradiction. So our claim is right.

Theorem 5.2. Ifb > 1, ¢ > B > 0, and suppose that my(x) € L% and ug(x) has a compact supported set [a, c].

(1). If mo(x) > 0(£ 0), x € [a, c], then we have

q(ct) q(a,t)
ex®-1) — ea-1) — +00, ast—> +o00.

(2). If mo(x) < 0(z 0),x € [a,cl, then we have

_ 4@t _
e «b-) —¢ o@D —s 400, ast—> 400.

Remark 5.2. For the case B > « > 0, by using the properties of E; and F, in Remark 5.1, one can replace a with 8 in (5.1) and (5.2).

Proof. (1) By (3.2) and direct calculation, we have

c b c b ¢ b
< / (moﬁdx) _ ( f (m(q,t)qﬁﬁdx) _ ( / (m(q,t))%qxdx)

q(ct) 1 b
/ (m(§,1))bdE
q(a,t)

IA

(
(

qed) g@n \ 7D
= F(t) |:oz(b -1 (e"@—l) — ea®-D) )] .

) : I
/ m(&, t)e « dE / ea®-D d&
q(a.t) q(a.t)

331

(5.1)

(5.2)
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It follows
1 b
e gane-n\ 1Y (fac (mo)? dx)
Ol(b — 1) eab-1) — ¢ o > .
Fi(t)
Using the limit
lim F1 =0,
t—+o0
we can get

9(ct) q9(a.t)
e2®-D — ga®-) —» 400, ast—> 400.

(2). Direct calculation, we have

c b c b c b
</ (—mo)%dx) = (/ (—mo)%dx> = (/ (—m(q,t)qﬁ)%dx>
c . b q(ct) . b
= (/ (—=m(q t))“]xdx> = (/ (—m(E,f))bdif)
a q(at)
q(C)t) £ q(c,t) ¢ b—1
/ (-m(é) f)ea) d¢ / e *@-Ddg
q(at) q(a,t)

gt ()] b—1
—Ei(t) |a(b — (e w0 — ¢ ath)

IA

It follows
c 1 b
_ 4@ _ _qb b-1 (fa (=mo) bdx)
Ol(b— 1){e «@-D —¢ «®-D >
—E1(9)
Using the limit
lim E1 =0,
t—+00
we can obtain
_ q@b O]
e =D —¢ o) —> 400, ast—> +o0. O

Theorem 5.3. Ifb = 1, suppose that mg(x) € Ly and uy(x) has a compact supported set [a, c].

(1). If mo(x) > 0( 0), x € [a, c], then we have

q(c,t) — +o00, ast —> 4o0.

(2). If mo(x) < 0(£ 0),x € [a, c], then we have
q(a,t) — —oo, ast —> 4o00.
Proof. We only present the proof for @« > B > 0. The case § > a > 0 can be proved by the same argument. (1) As mg(x) > 0, for any
t > 0, we have F;(f) > 0. According to Lemma 5.1, we know
lim Fi(t) = 0.
Jp R0 =0
Direct calculation, we have

q(c.t)

c c e q(c,t) £
/ modx = / m(g, t)qxdx < eT/ m(E, e «dé = e @ Fi(b).
a a q

(a,t)
It follows

e >4 5 400, ast—> +00,
Fi(t)
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then we can get
q(c,t) — +o00, ast —> 4o0.
(2). As mp(x) <0, for any t > 0, we have E; (t) < 0. According to Lemma 5.1, we know
lim E;(t) =0.
t—>+00

Direct calculation, we have

/(—mo)dx—/ (—m(q, ) gx)dx

@n [0 3
<o [ et ds =~
9(at)
It follows
_awn_ [r(=mo)dx
e o« > T B —> 400, ast— 400,
—kEx
then we can get
q(a,t) — —o0, ast — 4o00. O

Theorem 5.4. If0 <b < 1L, > 8 > 0, my(x) € L% orb =0, my € Loo. Suppose that uy(x) has a compact supported set [a, c].

(1). If mo(x) > 0(£ 0) for x € [a, c], then we have

e« —e « —> 400, ast—> 4o0. (5.3)

(2). If my(x) < 0(z£ 0) for x € [a, c], then we have
R )
e« —e @ —> 400, ast—> +oo. (5.4)
Remark 5.3. For the case 8 > a > 0, by using the properties of E; and F, in Remark 5.1, one can replace a with 8 in (5.3) and (5.4).

Proof. (1). For mg(x) > 0, we have F; () > 0 forall t > 0. From Lemma 5.1, we know
t—leoo Fi(t) =0.

According to the conservation law

If0<b<1and 2y +n =1, =>{
O<y,n<l.

/ modx = / mdx = / m(q, t)qxdx
R R R
S/ _a \Y/ 1 N[ 4 \Y ]
= me @ mb e dx
|:/(; ( qx) ( %c) ( Qx)
c q Y c n € g Y
< </ me_qudx> </ mb qxdx> (/ ew qxdx>
q(c;t) £ 4 1 n 9@t ¢ 4
/ me” o d& </ mFdS) / eadE
q(a,t) q(at)

(ct)
=<F1(t>)y mhds (q eads>

q(a,t)

= (F,(1)) (/ méds)"( — e’ ))V.

By direct calculation, we obtain
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It follows
PIen) q@n\ Y modx
(ote « —qge « > fR : 7 +00,
(F1 ()Y (fR mg dé)
then we can obtain
q(c,t) q(a,t)
e« —e ¢« —> 400, ast— +00

If b = 0, we can obtain

b—0 JRr

R

) /o _a \Y/ 1 NT/a NV
fim | [ (e dae) () (e8a) ]

¢ q Y ¢ 1 n ¢ q 14
lim ( / me’qudx> ( / mﬁqxdx> ( / eaqxdx>
b—0 a a a

aen o\ . aen .\’
lim / me” ad§ (/ mﬂdé) / eadé
b—0 \ Jg(a,t) R q(a,t)

LN raen o\
= lim (F;(¢)) (/ midé) / eadg
b—0 R q(a,t)

IA

1 n (c.t) @\ Y
— lim (F)(t))" </ mé’d“g‘) (aeqa — e’ )
b—0 R
It follows
) @h\Y modx
(aeqa —ae'e > Sy 10 — 400,

1 n
(FL1(0)” (hmb—>0 fR m(l)J dé)

then we can obtain

e« —e o —> 400, ast—> +00.

(2). For mg(x) < 0, we have E;(t) < 0 for all £ > 0. From Lemma 5.1, we know

Jim B =0

1
/mdx:/ modx, /m%dx=/ m{ dx.
R R R R

Similarly, according to the conservation law

y+i=1 2
0 == —-1<1,
fo<b<land | 2y+n=1, :>{0<"_§—4b_ 1<1
0<y,n<l V= b2 <

By direct calculation, we obtain

—/ modx = —/ mdx = —/ m(q, t)qxdx
R
[ e (i) (40 o]
c Y
( —meaqxdx) </( m)qudx> (/ e*gqxdx)
( q(c 1) ) q(c,t) £ 14
—meadé ([( m)bdé) / e odE
q(a,t) q(a,t)

IA
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1 n q(ct) & Y
= (—E1 (1)) (/ m?d$> f e adt
R qa.t)
1 n ot ot
= (—E; ()" ( / mgdg) (oze_q(a) _ae—%)y_
R

It follows
(a,t) )\ Y — modx
(aeiqT — a67%> > fR 0 N 7 —> +00,
(=B ()" ( fia(—mo) b d)
then we can obtain
_q@b) _ g
e o« —e o —> 400, ast— +o0.

If b = 0, we can obtain

—/ modx = — lim | mdx = —f m(q, t)qxdx
R R R

b—0

¢ 1 14 1 n q Y
i [ (et (cmta) (2a) o]
c q Y c 1 n c q Y
lim (/ —mea qxdx> </ (—m)qudx) </ e_qudx>
b—0 a a a
q(ct) £ Y 1 n q(c,t) £ 14
= lim / —meo d§ (/ (—m)Fdé?) / e adé
b—0 \ Jg(at) R q(at)
R A P
= lim (—E;(1))” (/ m5d5> / e adE
b—0 R q(a,t)

1 n q(at) qc) \ Y
=l — v b e —we o
= gino( Ei (1) (/l‘% m dé) (ae ae ) .

IA

It follows
(a,t) @)\ Y — modx
(ozeiqT — aeiqT) > fR 0 : 7 — +oo,
(—E1 (1) (limyo fi(~mo) b d )
then we can obtain
_q@n g
e @« —e @ —> 400, ast—> +00. O

6. CONCLUSION

We have considered the FOCH model @ # 8, a > 0, 8 > 0. When «, § is negative, one can get the same results by taking absolute value ||
and |B]. This model is highly related to the classical Camassa-Holm equation, the Degasperis-Procesi equation and the Holm-Staley b-family
equation. We have studied some mathematical property, such as global existence, infinite propagation speed and long time behavior of the
support of momentum density. Another highly related equation is (1.1) with « = B. Due to (1.1) with @ = B doesn’t have the structure in
Lemma 2.2 and (2.1), some results in this manuscript may can’t been realized for « = 8.
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ABSTRACT

Based on the Nambu 3-bracket and the operators of the KP hierarchy, we propose the generalized Lax equation of the Lax triple.
Under the operator constraints, we construct the generalized KdV hierarchy and Boussinesq hierarchy. Moreover, we present the
exact solutions of some nonlinear evolution equations.
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1. INTRODUCTION

Nambu mechanics [8] is a generalization of classical Hamiltonian mechanics based on Liouville theorem. Poisson brackets in Hamilton
mechanics are replaced by Nambu brackets. Based on Nambu brackets, Nambu 3-algebra [10] is introduced. It is a natural generalization
of Lie Algebra with high structure. 3-algebra has been widely applied in string theory and M-branches [1,9]. In recent years, the
relationship between infinite dimensional 3-algebra and integrable system has attracted wide attention in the framework of Nambu
mechanics [2,3,14].

The Kadomtsev-Petviashvili (KP) hierarchy [5-7,13] is an important classical integrable system. There are different approaches to the
description of the KP hierarchy. One of them is described in terms of a Lax pair (B, L). By means of the operator Nambu 3-bracket, the
generalized Lax equation of the KP hierarchy with the Lax triple (B, By, L) was studied in [12], where the KP equation and other integrable
(nonintegrable) equations were derived, and the soliton wave solutions of the nonlinear evolution equations were provided. The BKP and CKP
hierarchies are two important reductions of the KP hierarchy. When the operator L satisfies the constraints L* = —dLd~! and L* = —L,
the KP hierarchy becomes the BKP and CKP hierarchies, respectively. The dKP hierarchy is the quasi classical limit of the KP hierarchy.
Based on the Lax triple (B, By, L), the generalized BKP, CKP and dKP hierarchies were investigated [4,11]. When the operator L satisfies
the constraints (L2)_ = 0 and (L?)_ = 0, the KP hierarchy becomes the KdV and Boussinesq hierarchies, respectively. Both KdV equation
and Boussinesq equation are derived from the study of shallow water waves. They both contain N-soliton solutions. Boussinesq equation
can be considered as a generalization of KdV equation, which allows solitons to propagate in two directions. The aim of this paper is to
derive the nonlinear evolution equations from the generalized Lax equation in term of the Lax triple (B, By, L) of the KAV and Boussinesq
hierarchies.

This paper is arranged as follows. In Section 2, the generalized Lax equation of KP hierarchy and operator constraints is introduced. In
Sections 3 and 4, we give the generalized KdV and Boussinesq hierarchies, respectively. Finally, a short conclusion and further discussion
are presented.

*Corresponding author. Email: wxlspu@qlu.edu.cn
Data availability statement: The data that support the findings of this study are available from the corresponding author [XW], upon reasonable request.
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2. GENERALIZED LAX EQUATION

The KP hierarchy can be derived from the well-known Lax equation,

oL
2 —[BpLl=BuL—LB,, n=12---. 2.1)
oty
Here B, = (L")4, n > 1. L is a pseudo-differential operator,
+oo
L=3+Y v, 22
i=0

where t = (;, 1, - - - ) are the time variables and 9 = 9/dy, x = 1, the negative powers of 9 are to be understood as the formal integration
symbols.

As the operator L satisfies the constraints (L2)_ = 0 and (L*)_ = 0, respectively, we can derive the KdV hierarchy and Boussinesq hierarchy
from the Lax equation (2.1). Here (L¥)_, k = 2, 3, denotes the integral part of L,
IM_ =1F- 15, =1F - B

The constraints (L¥)_ = 0 means [By,, Bx] = 0,7 = 1,2, ..., thus we can derive

oLk
=0,k=2,3,n=12,.... (2.3)
Otkn
Based on the operator Nambu 3-bracket, the generalized Lax equation with respect to the Lax triple (L, B,, By,)[12] is defined by
oL
= [Bu,Bu, L1-, (m,n=0,1,2--+), (2.4)
Otmn

where By = 1. The operator Nambu 3-bracket [,, ] denotes the formal integration operator part of the derived pseudo-differential operator.

Taking B, = By in (2.4), it is easy to verify that (2.4) leads to the Lax equation (2.1). Thus it is natural to derive the KP hierarchy from
(2.4). As the operator L satisfy the constraints (L3_ =0and (L*)_ =0, respectively, we can also derive the KdV hierarchy and Boussinesq
hierarchy.

In the following, we will list the usual KdV hierarchy and Boussinesq hierarchy. And we also will derive the generalized KdV hierarchy and
Boussinesq hierarchy from the generalized Lax equation (2.4).

3. GENERALIZED KdV HIERARCHY

Equating the coefficients of the operator 3 (i = 1,2, - - ) in the constraints (L?)_ = 0, we can derive
1
VI = —=Vox
1 2 0,x
V2 = — =V + ~ Voo
2 4 7
3 1
V3 = Evovo,x - gVO,xxxx
1, 11, 1
V4 = _ZVOVO,xx + EVO - ?VO,X + EVO,xxxxa
15 15 15 2 1
V5 = EVOVO,xxx + ZVO,xVO,xx - ZVO,xV() - ivo,uxxxa
(3.1)
Then we can derive B, of the KdV hierarchy are
By =0,
B, = 92 + 2vy,

3 3
B3 =07 4+ 310 + EVO,xa
By = 9 + 41/082 + 4vp,0 + 41/% + 2V0,xx>

15 15 25 15 15
Bs = 9+ 51/083 + ?Vo,xaz + (711(2) + ZVO’XX> 0+ 71/01/0,)C + gvo)xxx,
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Bs = 8% 4+ 6v90* 4 12190 + (1203 + 14v,4,) 9% + (24v0vo.x + 8V00x) D
+ 2000 + 12V0Voxx + 81/(3) + SVS,X,

2 8
+(3s3 175 245 , 161 ) 63

—Vy+ —VoVoxx + —— Vo, + —V a4+ —v
2 0 4 0V0,xx 3 0,x 16 0,xxxx 32 0,xxxx%

. s 35 ., (35, 105 , (105 175 5
B; =0’ + 7vy0 +?v0,x8 + Vo“'TVO,xx 0” + TVOVO,x—I——Vo,xxx 0

105 105 105 ,
+ TVOVO,xxx + TVO,xVO,xx + TVOVO,X

()

Taking B,, = By, we list some evolution equations of the KdV hierarchy as follows:

o For the case of B, = B3, we have

A 1 43
— = =V V0.xV0>»
3t03 4 0,xxx 0,xV0

339

(3.2)

(3.3)

which is the well-known KdV equation. Under the scaling transformation vy = %u, to3 = 4t, (3.3) becomes the usual KdV equation.

o For the case of B, = Bs, we have

vy 1 5 5 15 2
FOS = R 0,x0exx T ZVOVO,xxx + EVO,XVO,xx + ?VO,xvo-
Under the scaling transformation vy = %u, tos = 16t, (3.4) becomes the usual 5-order KdV equation.
o For the case of B, = By, we have
avo 1 7 21
?07 = avo,xxxxxxx + RVOVO,xxxxx + RVO,xVO,xxxx + EVO,xxVO,xxx

35 35, 35 4 35 3
+7VOV0,xV0,xx + ?VOVO,XXX + gvo,x + 7VO,xVQ~

Under the scaling transformation vy = %u, toy = 64t, (3.5) becomes the usual 7-order KdV equation.

(3.4)

(3.5)

In the following, we will list some evolution equations of the generalized KdV hierarchy from the generalized Lax equation (2.4) except

B, = By. We also get the single soliton solution of some nonlinear evolution equations.
o Taking the operator pair (B;, By) in (2.4), we have

R 1
E = _ZVO,xxx + VoVo,x-
Under the scaling transformation vy = —%u, t12 = —4t, (3.6) becomes the usual KdV equation.
o Taking the operator pair (B}, B3) in (2.4), we have
81/() _
dt13
o Taking the operator pair (B}, B4) in (2.4), we have
dvo 1 11 7 9
E = _EVO,xxxxx + ZVOVO,xxx + EVO,xVO,xx + EVO,XV(y

Its single soliton solution is

b 5(3 sec h26 — 1)(54/41 — 33)k?
0~ —21 + 941 :

where £ = k(wt + x) + b in which

(—1019699 + 159231/41)k*
w =
—33606 + 5214+/41

b and k are arbitrary constants.
o Taking the operator pair (B,, B3) in (2.4), we have
R 1

9
2
= Voxxxex T ZV0Voxex + < V0xVoxx — 3V0xVp-
16 2 4 0

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)
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Its single soliton solution is
5k
vy = —7(3 sech?& — 1), (3.11)
where £ = k(wt + x) + b in whichw = — %, b and k are arbitrary constants.

o Taking the operator pairs (B;, Bs) and (B, B4) in (2.4), we have

v _ v _ (3.12)
dt1s 0try
o Taking the operator pair (B}, Bg) in (2.4), we have
v 1 57 119 125
E = _@Vo,xxxxxxx + EVOVO,xxxxx + EVO,xVO,xxxx + Evo,xxvo,xxx
35 45 , 25 4 25 3
+7V0VO,xV0,xx + KVOVO,xxx + ?V(),x + ?VO,XVO' (313)
o Taking the operator pair (By, Bs) in (2.4), we have
8110 1
WZS = &Vo,xxxxxxx + ZVO Vo xxxxx 1 ZVO,xVO,xxxx + EVO,xxVO,xxx
35 5, 15 , 15 3
7 V0V0xV0.0 + gVoVoex + Vo = S V0 (3.14)
« Taking the operator pair (B3, B4) in (2.4), we have
v 1 1 1 27
8T34 = _avo,mxxxxx + EVOVO,xxxxx - ZVO,XVO,xxxx - T6V0,xxV0,xxx
141 75 , 33 ;5 27 3
o Y0V0xVoe - VoVoeer T V0 T Voo (3.15)

o Taking the operator pairs (B, B7), (B2, Bs) and (B3, Bs) in (2.4), we have
v _ i _

— - —0. (3.16)
ot;7  0dtrg  Otss

From the above evolution equations, we can conjecture that when m + n is even, the nonlinear evolution equation is ;)IA =
mn

4. GENERALIZED BOUSSINESQ HIERARCHY

Equating the coefficients of the operator 3 (i = 1,2, - - ) in the constraints (L*) _ = 0, we can derive
5 1
V2 = —Vyg — EVO,xx — V1%

1 2
V3 = 2VOVO,x + EVO,xxx — 2vov1 + gvl,xx)

S5 2 2 , 1
V4 = —VoVox t+ gvo —Vox — §V0,xxxx + 4vovix + 3vivox — V] — ng,xxx’
o, 20 10

Vs = —10vg Vg + Svpv1 + Sviviy — ?vo)xvl,x - ?Vlvo,xx — 5VoV1xx

+-v + v )

9 0,xxxXX 9 1,xxxx
(4.1)
Then we can derive B, of the Boussinesq hierarchy are

By =0,
B, = 32 + 2vy,

B3 = 93 + 3vpd + 3vox + 31,

8
By = 9%+ 41/082 + (4v1 + 6vpx)0 + 21/3 + gvo,xx + 2V1.x
5 3 2 2 25
Bs = 9”7 4+ 5v90” + (5v1 + 10vx)9” + (5vg + ?VO,xx 4+ 5v1,x)0 + 10vov;

10 10
+?V1,xx + 10vovo,x + ?Vo,xxx) (4.2)
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Similarly, when m = 0, we can list some evolution equations of the Boussinesq hierarchy as follows:

For the case of B, = B,, we have

Eliminating vy, replacing vy with —u, and replacing o, with t, we can get

which is the well-known Boussinesq equation.
For the case of B,, = By, we have
0 Yo
dtos
0 1
Bty

3

Under the scaling transformation vy = %u, v =

1 2
(*VO,xxx + 2vovo,x + 4vov1 + gvl,xx) >

31/0
% = Voxx T 2V1,x
31/1
% = _§V0,xxx = 2v0.xV0 — V1,xx
382—u+(u — L2uuy)y =0
atz XXX X)X >

X

1
2
_§V0,xxxxx — 20V — 40,xV0,xx — 4V0V0,x - 2(V0V1,x)x - gvl,xxxx + 4v1vix.

—%v, tog = —t, (4.5) becomes the second equation of the Boussinesq hierarchy,

ou 1 2 4 2
5 = <_guxxx - guux + guV“r 3Vxx>x>
av 2 2 4 4, 2 1 4
E = _auxxxxx - guuxxx - guxuxx - §u Uy + g(uvx)x + gvxxxx + gVV)o
For the case of B,, = Bs, we have
R 5 5
Frede 10v1vyx — SvoxVy + 5(Voxvi)x — g(VOVO,xx)x ~ g Voo
% = (_Svlle - 51’%1’1 - E(VOle)x - EVOVI xx 1Vl xxxx) .
dtos ’ 30 3 b g ]
Under the scaling transformation vy = %u, v = —%v, tos = —t, (4.7) becomes the third equation of the Boussinesq hierarchy,

ou 10 5 ) 5 1

5 = _?VVX + §uxu + g(uxv)x + §(uuxx)x + §uxx;cxx>
av 5 5, 10 5 1

Frie <_§va touwvs 3(ux1/)x + oWt 9Vxxxx)x~
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(4.3)

(4.4)

(4.5)

(4.6)

(4.7)

(4.8)

In the following, we will list some evolution equations of the generalized Boussinesq hierarchy from the generalized Lax equation (2.4)

except B, = By.

Taking the operator pair (Bj, By) in (2.4), we have

a1y 1
E = _gvo,xxm
o )
B Av1vox — 4VoVix — 2VoVoux + 2Vg, — 3 Vi
Taking the operator pair (Bj, B3) in (2.4), we have
o _ (2vov1 + vovox — %Vl xx — lVo;cxx)x,
d0t13 ’ 37 37
o = (2vovoxx + %VOxxxx + lV1 xx — VoVix + V2 — %Vg)»
d0t13 7 9 7 37 7 3
Taking the operator pair (Bj, By) in (2.4), we have
aaTﬁ = (=vp + 397 + 3v1vox + 3vovo + 2V5,)
avy 2 2, 7
TV —=3(ViVix)x — 6VIVOVox + 6V1Voxxx — 4VoxVy — 11vivg + 3VLacV0x

2 2

5
+4voxxVix + gVOVI,xxx + gVO,xVO,xxx - §V0V0,xxxx~

(4.9)

(4.10)

(4.11)
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o Taking the operator pair (B,, B3) in (2.4), we have

avo 4 5 5 ) 1
— = | —zvo +2v{ + 2vivox + Vovox + 2Vg + ~Voxuxx | >
dty3 3 7 9 x
vy ) 7 2 2
F = _2V1,x — 5ViVixx + 2V1VoVox — gVI Voexex + 3VoxxVo + 2V1xVy + 4V1xxVox
23
2 1
+VoxxV1x + SVOVI,xxx - gVO,xVO,xxx + 2VOV0,xxxx + ZV(%’xVO — V%,xx + §V1,xxxxx- (4~12)
« Taking the operator pair (B;, Bs) in (2.4), we have
vy 1 20 , 2 20 40
?15 = _avo,xxxxxx + ?Vo,xx - §V1,xxxxx + ?Vo,xvl,xx + ?Vo,xxvl,x
25 5
+?VOV1,xxx + 10v1 Vo xxx + ?Vo,xxxVO,x + gVOVO,xxxx:
v 1 2 100
y = §V1,xxxxxx + EVO,xxxxxxx - TVOVO,xVO,xx - 2Ovl,xvl Vo — 1OVI,xVO,xVO
15
10 70 4 20
+?V0,xxxxV0,x - gvo,xxxvo,xx + §V0V0,xxxxx - 10V6V0,xxx + ?Vl,xvl,xx
20 4 5 5 25
+?v0vo,x + 10vivox + 10v1v0,x - ?vo,,mvl,x + 10V V1 xxx
5 20 10 ,
_gvovl,xxxx - ?Vl,xxvo,xx - ?Vo,x — 10V xxV1 V0. (4.13)

« Taking the operator pair (B,, B4) in (2.4), we have

aV() 2 2
2
= —Voxxxxxx T 3V0,xx + =V T 13V0xV1xx + 6VoxxVix + —VoVixxx + 2 V1V0xxx
0try 9 9 3 3
20 11 5 ) 2
+?V0,xxxV0,x + ?VOVO,xxxx — 12v1vo.xv0 — 3voxxVy — 6V1xVy — 6 0,xV0>
8v1 1 2
= — Vi — == Voo — 22V0V0xVoxx — 12V1xV1Vo + 6V1 xVo.xVo
0try 9 27
10 8 8 16 ,
_?Vo,xxxxvo,x - EVO,xxxVO,xx - gVOVO,xxxxx - ?VOVO,xxx + ?Vl,xvl,xx

26 11
3 2 2
+6V0V0,x — 16vivox — 10v; Vo,x + ?Vo,xxxvl,x + ?Vl Vixxx — ?VOVI,xxxx

7 20 4 , 10 20
+§V1,xxVO,xx - ?Vo,x + 3ViaVy — ?Vl,xxxvo,x + ?Vl V0, xxxx- (4.14)

5. SUMMARY

In this paper, in terms of the Lax triple (B, By, L), we investigated the generalized Lax equation of the KdV and Boussinesq hierarchies.
When m = 0, the generalized Lax equation reduces to the usual Lax equation. We derived integrable evolution equations from the KdV
and Boussinesq hierarchies. We got some soliton wave solutions from the nonlinear evolution equations of the generalized KdV hierarchy.
Moreover, the evolution equations for the generalized KdV hierarchy seemed to be é)at% = 0 when m + n is even. We also derived some
generalized nonlinear evolution equations from the generalized Boussinesq Lax equation. More properties of the generalized KdV and

Boussinesq hierarchies still deserve further study.

CONFLICTS OF INTEREST

The authors declare they have no conflicts interest.

AUTHORS’ CONTRIBUTION

All authors completed the paper together. All authors read and approved the final manuscript.



X. Wang and J.-Q. Mei / Journal of Nonlinear Mathematical Physics 28(3) 337-343 343

FUNDING

This work is partially supported by National Natural Science Foundation of China (Grant No. 11801292) and the Fundamental Research
Funds for the Central Universities (DUT19LK26).

ACKNOWLEDGMENTS

We thank the valuable suggestions of the referees.

REFERENCES

(1]

(2]
(3]
(4]
(5]

(6]
(7]

(8]
(9]
(10]
(11]

[12]
[13]
[14]

C.H. Chen, K. Furuuchi, PM. Ho, T. Takimi, More on the Nambu-Poisson M5-brane theory: scaling limit, background independence and an all order
solution to the Seiberg-Witten map, J. High Energ. Phys. 10 (2010), 100.

M.R. Chen, S.K. Wang, K. Wu, W.Z. Zhao, Infinite-dimensional 3-algebra and integrable system, J. High Energ. Phys. 12 (2012), 30.

M.R. Chen, S.K. Wang, X.L. Wang, K. Wu, W.Z. Zhao, On Wi, 3-algebra and integrable system, Nucl. Phys. B 891 (2015), 655-675.

M.R. Chen, Y. Chen, Z.W. Yan, J.Q. Mei, X.L. Wang, A 3-Lie algebra and the dKP hierarchy, J. Nonlinear Math. Phys. 26 (2019), 91-97.

E. Date, M. Kashiwara, M. Jimbo, T. Miwa, Transformation groups for soliton equations, in: M. Jimbo, T. Miwa (Eds.), Proceedings of RIMS symposium
on Non-linear Integrable Systems-Classical and Quantum Theory, World Scientific, Singapore, 1983, pp. 39-119.

L.A. Dickey, Soliton equations and Hamiltonian Systems, 2nd ed., World Scintific, Singapore, 2003, p. 420.

M.H. Li, J.P. Cheng, C.Z. Li, ].S. He, The recursion operators of the BKP hierarchy and the CKP hierarchy, Sci. Sin. Math. 43 (2012), 499-514
(in Chinese).

Y. Nambu, Generalized Hamiltonian dynamics, Phys. Rev. D. 7 (1973), 2405-2412.

G. Papadopoulos, M2-branes, 3-Lie algebras and Pliicker relations, J. High Energ. Phys. 05 (2008), 054.

L. Takhtajan, On foundation of the generalized Nambu mechanics, Comm. Math. Phys. 160 (1994), 295-315.

X.L. Wang, J.Q. Mei, M.L. Li, Z.W. Yan, On generalized Lax equations of the Lax triple of the BKP and CKP hierarchies, J. Nonlinear Math. Phys.
24 (2017), 171-182.

X.L. Wang, L. Yu, Y.X. Yang, M.R. Chen, On generalized Lax equation of the Lax triple of KP hierarchy, J. Nonlinear Math. Phys 22 (2015), 194-203.
H.X. Wu, XJ. Liu, Y.B. Zeng, Two new multi-component BKP hierarchies, Commun. Theor. Phys. 51 (2009), 193-199.

Y.X. Yang, S.K. Yao, C.H. Zhang, W.Z. Zhao, Realization of the infinite-dimensional 3-algebras in the Calogero-Moser model, Chin. Phys. Lett. 32
(2015), 040202.


https://doi.org/10.1007/jhep10(2010)100
https://doi.org/10.1016/j.nuclphysb.2014.12.025
https://doi.org/10.1088/1126-6708/2008/05/054
https://doi.org/10.1007/bf02103278
https://doi.org/10.1080/14029251.2017.1306945
https://doi.org/10.1080/14029251.2015.1023565
https://doi.org/10.1088/0256-307x/32/4/040202

	01_JNMP-D-20-00008
	CONFLICTS OF INTEREST
	FUNDING
	ACKNOWLEDGMENTS
	REFERENCES

	02_JNMP-D-21-21001
	CONFLICTS OF INTEREST
	ACKNOWLEDGMENTS
	REFERENCES

	03_JNMP-D-20-00005
	CONFLICTS OF INTEREST
	ACKNOWLEDGEMENT
	REFERENCES

	04_JNMP-D-21-00012
	CONFLICTS OF INTEREST
	AUTHORS' CONTRIBUTION
	FUNDING
	ACKNOWLEDGMENTS
	REFERENCES

	05_JNMP-D-21-00022
	CONFLICTS OF INTEREST
	ACKNOWLEDGEMENTS
	REFERENCES

	06_JNMP-D-21-00021
	CONFLICTS OF INTEREST
	AUTHORS' CONTRIBUTION
	FUNDING
	ACKNOWLEDGMENTS
	REFERENCES


